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2
Abstract
Instead of investigating the Willmore flow for two-dimensional,
closed immersed surfaces directly we turn to its inversion. We give
a lower bound on the lifespan of this inverse Willmore flow, depend-
ing on the concentration of curvature in space and the extension of the
initial surface, as well as a characterization of its breakdown, which
might occur in finite time.
1 Introduction
The Willmore functional of a closed, immersed and smooth surface
f0 : Σ −→ R
n with induced area measure dµ = dµΣ,f0 is given by
W (f0) :=
1
4
∫
Σ
|Hf0|
2dµ,
where Hf0 = g
i,jAi,j denotes the mean curvature. Then the Willmore flow is
the L2−gradient flow of the Willmore functional, i.e. a solution
f : Σ× [0, T )→ Rn with f(·, 0) = f0 of
∂tf = −gradL2W (f) = −
1
2
(∆H +Q(A0)H)
for some T ∈ (0,∞] and an arbitrary smooth initial surface f0, see below.
If additionally f : Σ× [0, T ) −→ Rn \ {0}, we may consider the inverse flow
I♯f :=
f
‖f‖2
.
Due to the fact, that the Willmore functional for surfaces is invariant under
inversion,
W (f) =W (I♯f),
cf. proposition 13.6, the inverse flow satisfies
∂tf = −
‖f‖8
2
(∆H +Q(A0)H).
This suggests to apply the techniques used by E. Kuwert and R. Scha¨tzle [1],
which we strongly recommend to read beforehand, since therein all the basic
ideas and methods are performed with less calculations.
As our main result we give a lower bound on its lifespan, which depends on
the concentration of curvature and the extension of the initial surface.
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Theorem 1.1. For 0 < R, α <∞ and n ∈ N there exist
δ = δ(n), k = k(n), c = c(n,R, α) > 0
such that, if f0 : Σ −→ R
n \ {0} is a closed immersed surface satisfying
sup
x∈Rn
∫
Bρ(x)
|A|2dµ ≤ δ,
sup
x∈Rn
ρ4
∫
Bρ(x)
|∇2A|2dµ ≤ α,
ρ−1‖f0‖L∞µ (Σ) ≤ R
for some ρ > 0, there exists an inverse Willmore flow
f : Σ× [0, T ) −→ Rn \ {0}, f(·, 0) = f0
with T > ρ−4c. Moreover we have the estimates
sup
0≤t≤ρ−4c
ρ−1‖f‖L∞µ (Σ) ≤ 2R and sup
0≤t≤ρ−4c, x∈Rn
∫
Bρ(x)
|A|2dµ ≤ kδ.
Theorem 1.2. For n ∈ N there exist
δ = δ(n), k = k(n), c = c(n) > 0
such that, if f : Σ −→ Rn \ {0} is a closed immersed surface,
Tf0,0 > 0
maximal with respect to the existence of an inverse Willmore flow
f : Σ× [0, T ) −→ Rn \ {0}, f(·, 0) = f0
and
sup
x∈Rn
∫
Bρ(x)
|A|2dµ⌊t=0 ≤ δ as well as sup
0≤t<min{Tf0,0,c
ρ−4
R8+R4
}
ρ−1‖f‖L∞µ (Σ) ≤ R
for some R, ρ > 0, we have Tf0,0 > c
ρ−4
R8+R4
and in addition
sup
0≤t≤ ρ
−4
R8+R4
, x∈Rn
∫
Bρ(x)
|A|2dµ ≤ kδ.
Therefore, if an inverse Willmore flow breaks down in finite time T < ∞,
then it diverges or a quantum δ of the curvature concentrates in space, i.e.
r(τ) := sup{ρ > 0 | sup
x∈Rn
∫
Bρ(x)
|A|2dµ⌊t=τ≤ δ} −→ 0 as τ ր T.
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2 Basics
Consider a smooth variation with normal velocity, i.e.
f : Σ× [0, T )→ Rn and V = V ⊥ = ∂tf.
Let X, Y be tangential vectorfields on Σ independent of t and Φ a normal
valued l-form along f . We collect some formulae.
(∇XA)(Y, Z) = (∇YA)(X,Z), ∇H = −∇
∗A = −2∇∗A0 (2.1)
K =
1
2
(|H|2 − |A|2) =
1
4
|H|2 −
1
2
|A0|2 (2.2)
R⊥(X, Y )Φ = A(ei, X)〈A(ei, Y ),Φ〉 − A(ei, Y )〈A(ei, X),Φ〉
= A0(ei, X)〈A
0(ei, Y ),Φ〉−A
0(ei, Y )〈A
0(ei, X),Φ〉 (2.3)
∂tP = −∂tP
⊥ = 〈∇eiV, ·〉ei + 〈ei, ·〉∇eiV (2.4)
P (∂tΦ) = −〈∇eiV,Φ〉ei (2.5)
∂⊥t ∇XΦ = ∇X∂
⊥
t Φ + A(X, ei)〈∇eiV,Φ〉+∇eiV 〈A(X, ei),Φ〉 (2.6)
(∂tg)(X, Y ) = −2〈A(X, Y ), V 〉 (2.7)
∂t(dµ) = −〈H, V 〉dµ (2.8)
∂t(∇XY ) = −〈(∇eiA)(X, Y ), V 〉ei + 〈A(X, Y ),∇eiV 〉ei
− 〈A(X, ei),∇Y V 〉ei − 〈A(Y, ei),∇XV 〉ei (2.9)
∂⊥t A(X, Y ) = ∇
2
X,Y V − A(ei, X)〈A(Y, ei), V 〉 (2.10)
∂⊥t H = ∆V +Q(A
0)V +
1
2
H〈H, V 〉, (2.11)
where by definition
A0 := A−
1
2
gH (2.12)
is the tracefree part of the second fundamental form A,
Q(A0)Φ := A
0(ei, ej)〈 A
0(ei, ej),Φ〉 (2.13)
and ∇∗ is the adjoint operator to the normal derivative ∇ = D⊥, i.e.
∇∗Φ = −(∇eiΦ)(ei, . . .) = −g
i,j∇iΦj,k2,...,kl
for any normal valued l-form along f .
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Definition 2.1. Let Φ,Ψ be normal valued multilinear forms along f .
Then let Φ ∗Ψ denote any normal or real valued multilinear form along f ,
depending only on Φ and Ψ in a universal, bi-linear way.
For a normal valued multilinear form Φ along f we denote by Pmr (Φ)
any term of the type
Pmr (Φ) =
∑
i1+...+ir=m
∇i1Φ ∗ . . . ∗ ∇irΦ.
3 The corresponding flow
Let f : Σ× [0, T ) −→ Rn \ {0} be a Willmore flow.
By (2.8) and (2.11) we derive for the variation of the Willmore functional
δW (g)(u) = ∂tW (g + tu)⌊t=0=
1
2
∫
Σ
〈∆Hg +Q(A
0
g)Hg, u〉dµΣ,g.
Since for the inversion I : Rn \ {0} −→ Rn \ {0} : x −→ x
‖x‖2
dI(x) · dIT (x) =(
1
‖x‖2
(δji − 2
xiδ
j,nxn
‖x‖2
))δj,m(
1
‖x‖2
(δmk − 2
xkδ
m,rxr
‖x‖2
))δk,l
=
1
‖x‖4
δli −
2
‖x‖6
(δri xkδ
k,lxr + xixnδ
n,l) +
4
‖x‖8
xixnxrxkδ
n,rδk,l
=
1
‖x‖4
id, (3.1)
we obtain for the Jacobian of I♯f , where I♯f(x) := I(f(x)) for all x ∈ Σ,
J(I♯f) =
√
det(d(I♯f)Td(I♯f)) =
√
det
dfTdf
‖f‖4
=
1
‖f‖4
Jf,
i.e. dµI♯f = ‖f‖
−4dµf
and, since I2 = id, i.e. id = d(I2)(x) = dI(I(x)) · dI(x) for all x ∈ Rn \ {0},
‖x‖−4dI(I(x)) = ‖x‖−4dI−1(x) = dIT (x).
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By this and the invariance under inversion of the Willmore functional,
cf. proposition 13.6 we conclude for arbitrary u ∈ C∞0 (Σ,R
n)
〈∂tI♯f, u〉L2µf (Σ)
=〈dI(f) · ∂tf, u〉L2µf (Σ)
= 〈∂tf, dI
T (f)u〉L2µf (Σ)
=〈−gradL2µf (Σ)
W (f), dIT (f)u〉L2µf (Σ)
= −δW (f)(dIT (f)u)
=− δW (I2♯ f)(‖f‖
−4dI(I♯f) · u)
=− ∂tW (I♯(I♯f + t‖f‖
−4u))⌊t=0
=− ∂tW (I♯f + t‖f‖
−4u)⌊t=0= −δW (I♯f)(‖f‖
−4u)
=−
1
2
∫
Σ
〈∆HI♯f +Q(A
0
I♯f
)HI♯f , ‖f‖
−4u〉dµΣ,I♯f
=〈−
1
2
‖I♯f‖
8(∆HI♯f +Q(A
0
I♯f
)HI♯f), u〉L2µf (Σ)
.
Passing from I♯f to f we have to solve the quasi-linear, parabolic
forth-order evolution equation
∂tf = −
‖f‖8
2
(∆H +Q(A0)H), (3.2)
to whose solutions we will refer considering the inverse Willmore flow.
4 Evolution of the curvature
For any normal valued l-form Φ we define the curvature
Rl(X, Y )Φ := R⊥(X, Y )Φ(X1, . . . , Xl)−
l∑
k=1
Φ(X1, . . . , R(X, Y )Xk, . . . , Xl).
Using (2.3) and the Gauss equation we deduce
Rl(X, Y )Φ = A ∗ A ∗ Φ. (4.1)
Proposition 4.1. Let Φ be a normal valued l-form along f . Then we have
(∇∇∗ −∇∗∇)Φ = A ∗ A ∗ Φ−∇∗T, (4.2)
where T (X0, . . . , Xl) = (∇X0Φ)(X1, X2, . . . , Xl)− (∇X1Φ)(X0, X2, . . . , Xl).
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Proof.
((∇∇∗ −∇∗∇)Φ)i1,...,il =−∇i1(g
i,j∇iΦj,i2,...,il) + g
i,j∇i∇jΦi1,...,il
=gi,j∇i∇jΦi1,...,il − g
i,j∇i∇i1Φj,i2,...,il
+ gi,j∇i∇i1Φj,i2,...,il − g
i,j∇i1∇iΦj,i2,...,il
=gi,j∇i(∇jΦi1,i2,...,il −∇i1Φj,i2,...,il) + g
i,jRli,i1Φj,i2,...,il
=− (∇∗T )i1,...,il + (A ∗ A ∗ Φ)i1,...,il,
where the last equality follows by (4.1).
Taking Φ = A in (4.2), we get by (2.1)
∆A = ∇2H + A ∗ A ∗ A (∆ := −∇∗∇). (4.3)
Considering ∇Φ, where Φ is a normal valued (l-1)-form in (4.2), we get
∆(∇Φ)−∇(∆Φ) = (∇∇∗ −∇∗∇)∇Φ = A ∗ A ∗ ∇Φ + A ∗ ∇A ∗ Φ. (4.4)
For inductive reasons we need the following
Proposition 4.2. Let Φ be a normal valued (l-1)-form along a variation
f : Σ× [0, T )→ Rn with normal velocity V = ∂tf and θ : Σ× [0, T )→ R.
If ∂⊥t Φ + θ∆
2Φ = Y, then Ψ = ∇Φ satisfies
∂⊥t Ψ+ θ∆
2Ψ = ∇Y −∇θ∆2Φ + θ
∑
i+j+k=3
∇iA ∗ ∇jA ∗ ∇kΦ
+∇A ∗ V ∗ Φ + A ∗ ∇V ∗ Φ. (4.5)
Proof. We use a local frame e1, e2 ∈ T (0, 1) independent of t, for which
∇e1 = ∇e2 = 0 at a given point of Σ× [0, T ). There we have for Xk ∈ {e1, e2}
(∂⊥t Ψ)(X1, . . . , Xl) = ∂
⊥
t ((∇X1Φ)(X2, . . . , Xl))
= ∂⊥t ∇X1(Φ(X2, . . . , Xl))− ∂
⊥
t
l∑
k=2
Φ(X2, . . . ,∇X1Xk, . . . , Xl).
For the first term we use (2.6) to infer
∂⊥t ∇X1(Φ(X2, . . . , Xl)) =∇X1∂
⊥
t (Φ(X2, . . . , Xl)) + (A ∗ ∇V ∗ Φ)(X1, . . . , Xl)
=(∇∂⊥t Φ + A ∗ ∇V ∗ Φ)(X1, . . . , Xl),
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for the second one (2.9)
∂⊥t
l∑
k=2
Φ(X2, . . . ,∇X1Xk, . . . , Xl) =
l∑
k=2
P⊥Φ(X2, . . . , ∂t∇X1Xk, . . . , Xl)
+
l∑
k=2
(∂⊥t Φ)(X2, . . . ,∇X1Xk, . . . , Xl)
=(∇A ∗ V ∗ Φ+ A ∗ ∇V ∗ Φ)(X1, . . . , Xl).
Therefore
θ∆2Ψ+ ∂⊥t Ψ−∇Y = θ∆
2(∇Φ)−∇(θ∆2Φ) +∇A ∗ V ∗ Φ + A ∗ ∇V ∗ Φ.
By (4.4) we have
θ∆2(∇Φ)−∇(θ∆2Φ)
=θ∆2(∇Φ)− θ∇(∆2Φ)−∇θ∆2Φ
=θ[∆[∆(∇Φ)−∇(∆Φ)] + ∆(∇(∆Φ))−∇(∆(∆Φ))]−∇θ∆2Φ
=θ[∆(A ∗ A ∗ ∇Φ + A ∗ ∇A ∗ Φ)
+ A ∗ A ∗ ∇(∆Φ) + A ∗ ∇A ∗ (∆Φ)]−∇θ∆2Φ
=θ
∑
i+j+k=3
∇iA ∗ ∇jA ∗ ∇kΦ−∇θ∆2Φ.
Collecting terms the proposition follows.
To state the main result of this section, we define abbreviatively
(i, j, k) ∈ I(m) :⇐⇒ k ∈ {1, 3, 5}, i ≤ m+ 2, i+ j + k = m+ 5. (4.6)
Proposition 4.3. Under the inverse Willmore flow, i.e. solutions of (3.2),
we have the evolution equations
∂⊥t (∇
mA) +
‖f‖8
2
∆2(∇mA) =
∑
(i,j,k)∈I(m), j<m+4
∇i‖f‖8 ∗ P jk (A). (4.7)
Proof. For m = 0 we obtain by (2.10) and (3.2)
∂⊥t A =−∇
2(
‖f‖8
2
(∆H +Q(A0)H))− A ∗ A ∗ (
‖f‖8
2
(∆H +Q(A0)H))
=−
‖f‖8
2
∇2(∆H) + ‖f‖8P 23 (A) +∇‖f‖
8 ∗ [P 31 (A) + P
1
3 (A)]
+∇2‖f‖8 ∗ [P 21 (A) + P
0
3 (A)] + ‖f‖
8[P 23 (A) + P
0
5 (A)].
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Using (4.3) and (4.4) we derive
∇2(∆H) =∇(∇(∆H)) = ∇[∆(∇H) + A ∗ A ∗ ∇H + A ∗ ∇A ∗H ]
=∆(∇2H) + A ∗ A ∗ ∇2H + A ∗ ∇A ∗ ∇H + P 23 (A)
=∆(∆A + A ∗ A ∗ A) + P 23 (A) = ∆
2A + P 23 (A).
Consequently
∂⊥t A =−
‖f‖8
2
∆2A+ ‖f‖8[P 23 (A) + P
0
5 (A)]
+∇‖f‖8 ∗ [P 31 (A) + P
1
3 (A)]
+∇2‖f‖8 ∗ [P 21 (A) + P
0
3 (A)],
which is the required form for m = 0.
By (3.2) and (4.5) applied to Φ := ∇mA, θ := ‖f‖
8
2
we conclude inductively
∂⊥t ∇
m+1A +
‖f‖8
2
∆2(∇m+1A)
=∇[
∑
(i,j,k)∈I(m), j<m+4
∇i‖f‖8 ∗ P jk (A) ]−∇
‖f‖8
2
∗∆2(∇mA)
+
‖f‖8
2
∑
i+j+k=3
∇iA ∗ ∇jA ∗ ∇k(∇mA)
+∇A ∗ (
‖f‖8
2
(∆H +Q(A0)H)) ∗ ∇mA
+ A ∗ ∇(
‖f‖8
2
(∆H +Q(A0)H)) ∗ ∇mA
=
∑
(i,j,k)∈I(m), j<m+4
∇i+1‖f‖8 ∗ P jk (A)
+
∑
(i,j,k)∈I(m), j<m+4
∇i‖f‖8 ∗ P j+1k (A)
+ ‖f‖8[Pm+33 (A) + P
m+1
5 (A)]
+∇‖f‖8 ∗ [Pm+41 (A) + P
m+2
3 (A) + P
m
5 (A)]
=
∑
(i,j,k)∈I(m+1), j<m+5
∇i‖f‖8 ∗ P jk (A).
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5 Energy type inequalities
Proposition 5.1. Let f : Σ× [0, T )→ Rn with V = V ⊥ = ∂tf ,
θ : Σ× [0, T )→ R and Φ a normal valued l-form along f , which satisfies
∂⊥t Φ+ θ∆
2Φ = Y.
Then for any η : Σ× [0, T )→ R we have
d
dt
∫
Σ
1
2
η|Φ|2dµ+
∫
Σ
〈∆Φ,∆(θηΦ)〉dµ−
∫
Σ
〈Y, ηΦ〉dµ
=
∫
Σ
η
l∑
k=1
〈A(eik , ej), V 〉〈Φ(ei1 , . . . , eik , . . . , eil),Φ(ei1 , . . . , ej, . . . , eil)〉dµ
−
∫
Σ
1
2
|Φ|2〈H, V 〉ηdµ+
∫
Σ
1
2
|Φ|2∂tηdµ. (5.1)
Proof. Recalling (2.8) we have, using summation over repeated indices,
∂t
∫
Σ
1
2
η|Φ|2dµ = ∂t
∫
Σ
1
2
η〈Φ(ei1 , . . . , eil),Φ(eil , . . . , eil)〉dµ
=
∫
Σ
1
2
∂tη|Φ|
2dµ−
∫
Σ
1
2
η|Φ|2〈H, V 〉dµ
+
∫
Σ
η〈Φ(ei1, . . . , eil), ∂t(Φ(ei1 , . . . , eil))〉dµ
=
∫
Σ
1
2
(∂tη − η〈H, V 〉)|Φ|
2dµ
+
∫
Σ
η〈Φ(ei1, . . . , eil), (∂
⊥
t Φ)(ei1 , . . . , eil)〉dµ
+
∫
Σ
η
l∑
k=1
〈Φ(ei1 , . . . , eik , . . . , eil),Φ(ei1 , . . . , ∂teik , . . . , eil)〉dµ
=
∫
Σ
1
2
(∂tη − η〈H, V 〉)|Φ|
2dµ+
∫
Σ
η〈Φ,−θ∆2Φ+ Y 〉dµ
+
∫
Σ
η
l∑
k=1
g(∂teik , ej)〈Φ(ei1 , . . . , eik , . . . , eil),Φ(ei1 , . . . , ej, . . . , eil)〉dµ.
The claim follows from (2.7) and symmetry in ik, j.
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Proposition 5.2. Under the assumptions of the previous proposition let
θ = ϕ4, η = γs with 0 ≤ ϕ, γ : Σ× [0, T )→ R and s ≥ 4.
Then we have for some c > 0
d
dt
∫
Σ
|Φ|2γsdµ+
∫
Σ
ϕ4|∇2Φ|2γsdµ− 2
∫
Σ
〈Y,Φ〉γsdµ
≤
∫
Σ
〈A ∗ Φ ∗ Φ, V 〉γsdµ+
∫
Σ
|Φ|2sγs−1∂tγdµ
+ c
∫
Σ
ϕ4(s4|∇γ|4 + s2γ2|∇2γ|2 + γ4[ |A|4 + |∇A|2 ] )γs−4|Φ|2dµ
+ c
∫
Σ
|∇ϕ|2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|Φ|2dµ
+ c
∫
Σ
|∇2ϕ|2ϕ2γs|Φ|2dµ. (5.2)
Proof. From the previous proposition, (5.1), we infer
d
dt
∫
Σ
|Φ|2γsdµ+ 2
∫
Σ
〈∆Φ,∆(ϕ4γsΦ)〉dµ− 2
∫
Σ
〈Y, γsΦ〉dµ
≤
∫
Σ
〈A ∗ Φ ∗ Φ, V 〉γsdµ+
∫
Σ
|Φ|2sγs−1∂tγdµ,
so that it will be sufficient to prove∫
Σ
ϕ4|∇2Φ|2γsdµ
≤2
∫
Σ
〈∆Φ,∆(ϕ4γsΦ)〉dµ
+ c
∫
Σ
ϕ4(s4|∇γ|4 + s2γ2|∇2γ|2)γs−4|Φ|2dµ
+ c
∫
Σ
|∇ϕ|2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|Φ|2dµ
+ c
∫
Σ
|∇2ϕ|2ϕ2γs|Φ|2dµ+ c
∫
Σ
ϕ4( |A|4 + |∇A|2 )γs|Φ|2dµ. (5.3)
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Using Young’s inequality we get∫
Σ
ϕ4|∇2Φ|2γsdµ ≤
∫
Σ
〈∇2Φ,∇2(ϕ4γsΦ)〉dµ
+ 2
∫
Σ
|∇2Φ||∇(ϕ4γs)||∇Φ|dµ+
∫
Σ
|∇2Φ||Φ||∇2(ϕ4γs)|dµ
≤
∫
Σ
〈∇2Φ,∇2(ϕ4γsΦ)〉dµ+ c
∫
Σ
|∇2Φ||∇ϕ|ϕ3γs|∇Φ|dµ
+ cs
∫
Σ
|∇2Φ|ϕ4|∇γ|γs−1|∇Φ|dµ+ c
∫
Σ
|∇2Φ||Φ||∇2ϕ|ϕ3γsdµ
+ c
∫
Σ
|∇2Φ||Φ||∇ϕ|2ϕ2γsdµ+ cs
∫
Σ
|∇2Φ||Φ||∇ϕ|ϕ3|∇γ|γs−1dµ
+ cs2
∫
Σ
|∇2Φ||Φ|ϕ4|∇γ|2γs−2dµ+ cs
∫
Σ
|∇2Φ||Φ|ϕ4|∇2γ|γs−1dµ
≤
∫
Σ
〈∇2Φ,∇2(ϕ4γsΦ)〉dµ
+ ε
∫
Σ
ϕ4|∇2Φ|2γsdµ+ c(ε)
∫
Σ
|∇ϕ|2ϕ2γs|∇Φ|2dµ
+ c(ε)s2
∫
Σ
ϕ4|∇γ|2γs−2|∇Φ|2dµ+ c(ε)
∫
Σ
|∇2ϕ|2ϕ2γs|Φ|2dµ
+ c(ε)
∫
Σ
|∇ϕ|4γs|Φ|2dµ+ c(ε)s2
∫
Σ
|∇ϕ|2ϕ2|∇γ|2γs−2|Φ|2dµ
+ c(ε)s4
∫
Σ
ϕ4|∇γ|4γs−4|Φ|2dµ+ c(ε)s2
∫
Σ
ϕ4|∇2γ|2γs−2|Φ|2dµ.
Hence by absorption with ε = 1
3∫
Σ
ϕ4|∇2Φ|2γsdµ
≤
3
2
∫
Σ
〈∇2Φ,∇2(ϕ4γsΦ)〉dµ+ c
∫
Σ
ϕ4(s4|∇γ|4 + s2γ2|∇2γ|2)γs−4|Φ|2dµ
+ c
∫
Σ
|∇ϕ|2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|Φ|2dµ+ c
∫
Σ
|∇2ϕ|2ϕ2γs|Φ|2dµ
+ c
∫
Σ
ϕ2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|∇Φ|2dµ. (5.4)
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In the last term we integrate by parts to get∫
Σ
ϕ2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|∇Φ|2dµ
≤−
∫
Σ
ϕ2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2〈Φ,∆Φ〉dµ
+ c
∫
Σ
|∇Φ||Φ|[ϕ|∇ϕ|3γs + ϕ2|∇ϕ||∇2ϕ|γs
+ sϕ2|∇ϕ|2|∇γ|γs−1 + s2ϕ3|∇ϕ||∇γ|2γs−2
+ s2ϕ4|∇γ||∇2γ|γs−2 + s3ϕ4|∇γ|3γs−3] dµ
≤ε
∫
Σ
ϕ4|∇2Φ|2γsdµ+ c(ε)
∫
Σ
(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)2γs−4|Φ|2dµ
+ ε
∫
Σ
ϕ2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|∇Φ|2dµ
+ c(ε)
∫
Σ
|Φ|2[ |∇ϕ|4γs + ϕ2|∇2ϕ|2γs + s2ϕ2|∇ϕ|2|∇γ|2γs−2
+ s2ϕ4|∇2γ|2γs−2 + s4ϕ4|∇γ|4γs−4 ] dµ,
so that we have by absorption∫
Σ
ϕ2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|∇Φ|2dµ
≤ε
∫
Σ
ϕ4|∇2Φ|2γsdµ
+ c(ε)
∫
Σ
ϕ4(s4|∇γ|4 + s2γ2|∇2γ|2)γs−4|Φ|2dµ
+ c(ε)
∫
Σ
|∇ϕ|2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|Φ|2dµ
+ c(ε)
∫
Σ
|∇2ϕ|2ϕ2γs|Φ|2dµ. (5.5)
Plugging (5.5) into (5.4) yields by absorption with ε = 1
7
yields
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∫
Σ
ϕ4|∇2Φ|2γsdµ ≤
7
4
∫
Σ
〈∇2Φ,∇2(ϕ4γsΦ)〉dµ
+ c
∫
Σ
ϕ4(s4|∇γ|4 + s2γ2|∇2γ|2)γs−4|Φ|2dµ
+ c
∫
Σ
|∇ϕ|2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|Φ|2dµ
+ c
∫
Σ
|∇2ϕ|2ϕ2γs|Φ|2dµ. (5.6)
Next we compute using (4.4)∫
Σ
〈∇2Φ,∇2(ϕ4γsΦ)〉dµ
=
∫
Σ
〈∆Φ,∆(ϕ4γsΦ)〉dµ+
∫
Σ
〈A ∗ A ∗ ∇Φ+ A ∗ ∇A ∗ Φ,∇(ϕ4γsΦ)〉dµ
≤
∫
Σ
〈∆Φ,∆(ϕ4γsΦ)〉dµ
+ c
∫
Σ
ϕ4|A|2γs|∇Φ|2 + cs
∫
Σ
ϕ4|A|2|∇γ|γs−1|∇Φ||Φ|dµ
+ c
∫
Σ
ϕ3|∇ϕ||A|2γs|∇Φ||Φ|dµ+ c
∫
Σ
ϕ4|A||∇A|γs|∇Φ||Φ|dµ
+cs
∫
Σ
ϕ4|A||∇A||∇γ|γs−1|Φ|2dµ+c
∫
Σ
ϕ3|∇ϕ||A||∇A|γs|Φ|2dµ. (5.7)
Treating the second summand by integration by parts∫
Σ
ϕ4|A|2γs|∇Φ|2
≤−
∫
Σ
ϕ4|A|2γs〈Φ,∆Φ〉dµ+ c
∫
Σ
ϕ4|A||∇A|γs|∇Φ||Φ|dµ
+ cs
∫
Σ
ϕ4|A|2|∇γ|γs−1|∇Φ||Φ|dµ+ c
∫
Σ
ϕ3|∇ϕ||A|2γs|∇Φ||Φ|dµ
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≤ε
∫
Σ
ϕ4|∇2Φ|2γsdµ+ ε
∫
Σ
ϕ4|A|2γs|∇Φ|2dµ
+ c(ε)
∫
Σ
ϕ2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|∇Φ|2dµ
+ c(ε)
∫
Σ
ϕ4|A|4γs|Φ|2dµ+ c(ε)
∫
Σ
ϕ4|∇A|2γs|Φ|2dµ
we obtain by absorption∫
Σ
ϕ4|A|2γs|∇Φ|2 ≤ε
∫
Σ
ϕ4|∇2Φ|2γsdµ
+ c(ε)
∫
Σ
ϕ2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|∇Φ|2dµ
+ c(ε)
∫
Σ
ϕ4[ |A|4 + |∇A|2 ]γs|Φ|2dµ. (5.8)
The remaining terms in (5.7) are estimated to
s
∫
Σ
ϕ4|A|2|∇γ|γs−1|∇Φ||Φ|dµ+
∫
Σ
ϕ3|∇ϕ||A|2γs|∇Φ||Φ|dµ
+
∫
Σ
ϕ4|A||∇A|γs|∇Φ||Φ|dµ+ s
∫
Σ
ϕ4|A||∇A||∇γ|γs−1|Φ|2dµ
+
∫
Σ
ϕ3|∇ϕ||A||∇A|γs|Φ|2dµ
≤
∫
Σ
ϕ4|A|2γs|∇Φ|2
+ c
∫
Σ
ϕ2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|∇Φ|2dµ
+ cs4
∫
Σ
ϕ4|∇γ|4γs−4|Φ|2dµ+ c
∫
Σ
|∇ϕ|4γs|Φ|2dµ
+ c
∫
Σ
ϕ4[ |A|4 + |∇A|2 ]γs|Φ|2dµ. (5.9)
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Now plugging (5.9) into (5.7), then using (5.8) yields∫
Σ
〈∇2Φ,∇2(ϕ4γsΦ)〉dµ ≤ ε
∫
Σ
ϕ4|∇2Φ|2γsdµ+
∫
Σ
〈∆Φ,∆(ϕ4γsΦ)〉dµ
+ c(ε)
∫
Σ
ϕ2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|∇Φ|2dµ
+ c
∫
Σ
ϕ4s4|∇γ|4γs−4|Φ|2dµ+ c
∫
Σ
|∇ϕ|4γs|Φ|2dµ
+ c(ε)
∫
Σ
ϕ4( |A|4 + |∇A|2 )γs|Φ|2dµ
≤ε
∫
Σ
ϕ4|∇2Φ|2γsdµ+
∫
Σ
〈∆Φ,∆(ϕ4γsΦ)〉dµ
+ c(ε)
∫
Σ
ϕ4(s4|∇γ|4 + s2γ2|∇2γ|2)γs−4|Φ|2dµ
+ c(ε)
∫
Σ
|∇ϕ|2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|Φ|2dµ
+ c(ε)
∫
Σ
|∇2ϕ|2ϕ2γs|Φ|2dµ
+ c(ε)
∫
Σ
ϕ4( |A|4 + |∇A|2 )γs|Φ|2dµ, (5.10)
where (5.5) was used in the last step.
Inserting the above inequality (5.10) into (5.6) verifies by absorption with
ε = 1
14
equation (5.3), what completes the proof.
We now apply the data of the inverse Willmore flow to this proposition.
Therefore let γ = γ˜ ◦ f, where 0 ≤ γ˜ ≤ 1 and ‖γ˜‖C2(Rn) ≤ Λ.
This implies ∇γ = dγ˜(f) · ∇f and ∇2γ = d2γ˜(f) · (∇f ⊗∇f) + dγ˜(f) · A,
so that we have by this and (3.2) the (in-)equalities
|γ| ≤ Λ, |∇γ| ≤ Λ, |∇2γ| ≤ Λ(1 + |A|) for ‖γ˜‖C2(Rn) ≤ Λ,
V = ∂tf = −
‖f‖8
2
(∆H +Q(A0)H) = ‖f‖8(P 21 (A) + P
0
3 (A)), (5.11)
∂tγ = dγ˜(f)(−
‖f‖8
2
(∆H +Q(A0)H)) = −
‖f‖8
2
dγ˜(f)(∆H + P 03 (A)),
to which we will refer as (5.11).
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Proposition 5.3. For n,m,Λ > 0 and s ≥ 4 there exists
c = c(n,m, s,Λ) > 0
such that, if f : Σ × [0, T ) → Rn \ {0} is an inverse Willmore flow and
γ = γ˜ ◦ f as in (5.11), we have
d
dt
∫
Σ
|∇mA|2γsdµ+
∫
Σ
‖f‖8
4
|∇m+2A|2γsdµ
≤
∫
Σ
∑
(i,j,k)∈I(m), j<m+4
∇i‖f‖8 ∗ P jk (A) ∗ ∇
mAγsdµ
+ c
∫
[γ>0]
[ ‖f‖8γs−4 + ‖f‖4γs ] |∇mA|2dµ. (5.12)
Proof. Consider (5.2) with Φ = ∇mA. From (4.7) we infer
ϕ = 2−
1
4‖f‖2 and Y =
∑
(i,j,k)∈I(m), j<m+4
∇i‖f‖8 ∗ P jk (A).
By (5.11) we then have∫
Σ
2〈Y,Φ〉γsdµ+
∫
Σ
〈A ∗ Φ ∗ Φ, V 〉γsdµ+
∫
Σ
|Φ|2sγs−1∂tγdµ
+ c
∫
Σ
ϕ4(s4|∇γ|4 + s2γ2|∇2γ|2 + γ4[ |A|4 + |∇A|2] )γs−4|Φ|2dµ
+ c
∫
Σ
|∇ϕ|2(|∇ϕ|2γ2 + s2ϕ2|∇γ|2)γs−2|Φ|2dµ+ c
∫
Σ
|∇2ϕ|2ϕ2γs|Φ|2dµ
≤
∫
Σ
∑
(i,j,k)∈I(m), j<m+4
∇i‖f‖8 ∗ P jk (A) ∗ Φγ
sdµ
+
∫
Σ
‖f‖8A ∗ ∇mA ∗ (P 21 (A) + P
0
3 (A)) ∗ Φγ
sdµ
−
s
2
∫
Σ
‖f‖8|Φ|2γs−1dγ˜(f)(∆H + P 03 (A))dµ
+ c
∫
[γ>0]
‖f‖8(s4Λ4 + s2Λ2γ2(1 + |A|)2 + γ4(|A|4 + |∇A|2))γs−4|Φ|2dµ
+ c
∫
Σ
|∇‖f‖2|2(|∇‖f‖2|2γ2 + s2Λ2‖f‖4)γs−2|φ|2dµ
+ c
∫
Σ
‖f‖4|∇2‖f‖2|2γs|Φ|2dµ
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≤∫
Σ
∑
(i,j,k)∈I(m), j<m+4
∇i‖f‖8 ∗ P jk (A) ∗ Φγ
sdµ
−
s
2
∫
Σ
‖f‖8|Φ|2γs−1dγ˜(f)(∆H) dµ+c
∫
[γ>0]
[ s4Λ4‖f‖8γs−4+‖f‖4γs ]|Φ|2dµ,
where we made use of Young’s inequality with p = 4
3
, q = 1
4
to estimate
−
s
2
∫
Σ
‖f‖8|Φ|2γs−1dγ˜(f)(P 03 (A))dµ ≤ csΛ
∫
Σ
‖f‖8|A|3γs−1|Φ|2dµ
≤
∫
Σ
‖f‖8Pm5 (A) ∗ Φγ
sdµ+ cs4Λ4
∫
[γ>0]
‖f‖8γs−4|Φ|2dµ.
For the second term we get by integration by parts and Young’s inequality
−
s
2
∫
Σ
‖f‖8|Φ|2γs−1dγ˜(f)(∆H)dµ
≤csΛ
∫
Σ
|∇( ‖f‖8|Φ|2γs−1 )||∇A|dµ+ csΛ
∫
Σ
‖f‖8|Φ|2γs−1|∇A|dµ
+ csΛ
∫
Σ
‖f‖8|Φ|2γs−1|A||∇A|dµ
≤csΛ
∫
Σ
‖f‖7γs−1|∇A||Φ|2dµ+ csΛ
∫
Σ
‖f‖8γs−1|∇A||Φ||∇Φ|dµ
+ cs2Λ2
∫
Σ
‖f‖8γs−2|∇A||Φ|2dµ+ csΛ
∫
Σ
‖f‖8γs−1|∇A||Φ|2dµ
+ csΛ
∫
Σ
‖f‖8γs−1|A||∇A||Φ|2dµ
≤
∫
Σ
∑
(i,j,k)∈I(m), j<m+4
∇i‖f‖8 ∗ P jk (A) ∗ Φγ
sdµ
+ cs4Λ4
∫
[γ>0]
‖f‖8γs−4|Φ|2dµ
+ cs2Λ2
∫
Σ
‖f‖6γs−2|Φ|2dµ
+ cs2Λ2
∫
Σ
‖f‖8γs−2|Φ|2dµ
+ cs2Λ2
∫
Σ
‖f‖8γs−2|∇Φ|2dµ,
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since for ϕ := ‖f‖8|Φ|2γs−1 ≥ 0
0 =
∫
Σ
gi,j∇i(ϕdγ˜(f)(∇jH))dµ
=
∫
Σ
gi,j∇iϕ · dγ˜(f)(∇jH)dµ+
∫
Σ
gi,jϕ∇i(dγ˜(f)(∇jH))dµ
=
∫
Σ
gi,j∇iϕ · dγ˜(f)(∇jH)dµ+
∫
Σ
gi,jϕ∂i(dγ˜(f)(∇jH))dµ
−
∫
Σ
gi,jϕΓki,jdγ˜(f)(∇kH)dµ
=
∫
Σ
gi,j∇iϕ · dγ˜(f)(∇jH)dµ+
∫
Σ
gi,jϕd2γ˜(f)(∂if,∇jH)dµ
−
∫
Σ
gi,jϕdγ˜(f)(Γki,j∇kH)dµ+
∫
Σ
gi,jϕdγ˜(f)(∂i∇jH)dµ,
i.e. with ∇i∇jH = ∂i∇jH + g
n,m〈∇jH,Ai,n〉∂mf − Γ
k
i,j∇kH
0 =
∫
Σ
gi,j∇iϕ · dγ˜(f)(∇jH)dµ+
∫
Σ
gi,jϕd2γ˜(f)(∂if,∇jH)dµ
+
∫
Σ
gi,jϕdγ˜(f)(∇i∇jH)dµ−
∫
Σ
gi,jϕdγ˜(f)(gn,m〈∇jH,Ai,n〉∂mf)dµ,
and hence
−
∫
Σ
ϕdγ˜(f)(∆H)dµ ≤cΛ
∫
Σ
|∇ϕ||∇A|dµ+ cΛ
∫
Σ
ϕ|∇A|dµ
+ cΛ
∫
Σ
ϕ|∇A||A|dµ.
By proposition 5.2, 0 ≤ γ ≤ 1 ≤ Λ and Young’s inequality it follows
d
dt
∫
Σ
|Φ|2γsdµ+
∫
Σ
‖f‖8
2
|∇2Φ|2γsdµ
≤
∫
Σ
∑
(i,j,k)∈I(m), j<m+4
∇i‖f‖8 ∗ P jk (A) ∗ Φγ
sdµ
+ cs2Λ2
∫
Σ
‖f‖8γs−2|∇Φ|2dµ+ c
∫
Σ
[s4Λ4‖f‖8γs−4 + ‖f‖4γs]|Φ|2dµ.
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By integration by parts one obtains
cs2Λ2
∫
Σ
‖f‖8γs−2|∇Φ|2dµ
≤
1
4
∫
Σ
‖f‖8|∇2Φ|2γsdµ+ c
∫
[γ>0]
[ s4Λ4‖f‖8γs−4 + s2Λ2‖f‖6γs−2 ]|Φ|2dµ.
Plugging in and absorbing we conclude
d
dt
∫
Σ
|Φ|2γsdµ+
1
4
∫
Σ
‖f‖8|∇2Φ|2γsdµ
≤
∫
Σ
∑
(i,j,k)∈I(m), j<m+4
∇i‖f‖8 ∗ P jk (A) ∗ Φγ
sdµ
+ c
∫
Σ
[ s4Λ4‖f‖8γs−4 + s2Λ2‖f‖6γs−2 + ‖f‖4γs ]|Φ|2dµ.
The claim follows by Young’s inequality.
21
6 Estimates on the right hand side
In this section we estimate the second term on the right-hand side of (5.12).
This is unfortunately necessary, since
∫
[γ>0]
‖f‖8|∇mA|2γs−4dµ can not be
controlled trivially, when using Gronwall’s inequality.
Proposition 6.1. For ε, n,m,Λ > 0 and s ≥ 2m+ 4 there exists
c = c(ε,m, s,Λ) > 0
such that, if f : Σ→ Rn is a immersion and γ = γ˜ ◦ f as in (5.11),
we have∫
[γ>0]
‖f‖8|∇mA|2γs−4dµ
≤ε
∫
Σ
‖f‖8|∇m+2A|2γsdµ+ ε
m∑
i=0
∫
Σ
‖f‖4|∇iA|2γs−2(m−i)dµ
+ c
∫
[γ>0]
‖f‖8|A|2γs−2m−4dµ. (6.1)
Proof. The case m = 0 is trivial. Let m ≥ 1. Applying corollary 13.11 with
p = 2, k = 8, u = 0, v = 1 we obtain∫
Σ
‖f‖8|∇Φ|2γs−4dµ ≤ε
∫
Σ
‖f‖8|∇2Φ|2γs−2dµ
+ c(ε, s,Λ)
∫
[γ>0]
(‖f‖6|Φ|2γs−4 + ‖f‖8|Φ|2γs−6)dµ
≤ε
∫
Σ
‖f‖8|∇3A|2γsdµ
+ ε
∫
Σ
(‖f‖6|∇Φ|2γs−2 +
∫
Σ
‖f‖8|∇Φ|2γs−4)dµ
+ c(ε, s,Λ)
∫
[γ>0]
(‖f‖6|Φ|2γs−4 + ‖f‖8|Φ|2γs−6)dµ.
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By Young’s inequality and absorption we derive∫
Σ
‖f‖8|∇Φ|2γs−4dµ ≤ε
∫
Σ
‖f‖8|∇3Φ|2γsdµ
+ ε
∫
Σ
[ ‖f‖4|∇Φ|2γs + ‖f‖4|Φ|2γs−2 ]dµ
+ c(ε, s,Λ)
∫
[γ>0]
‖f‖8|Φ|2γs−6dµ.
For m = 1 choose Φ = A. For m ≥ 2 we argue by induction via∫
Σ
‖f‖8|∇mA|2γs−4dµ ≤ε
∫
Σ
‖f‖8|∇m+2A|2γsdµ
+ ε
∫
Σ
[ ‖f‖4|∇mA|2γs + ‖f‖4|∇m−1A|2γs−2 ]dµ
+ c(ε, s,Λ)
∫
Σ
‖f‖8|∇m−1A|2γs−6dµ
≤ε
∫
Σ
‖f‖8|∇m+2A|2γsdµ+ ε
∫
Σ
‖f‖8|∇m+1A|2γs−2dµ
+ ε
m∑
i=0
∫
Σ
‖f‖4|∇iA|2γs−2(m−1)dµ
+ c(ε, s,Λ)
∫
[γ>0]
‖f‖8|A|2γs−2m−4dµ.
Applying lemma 13.11 we derive∫
Σ
‖f‖8|∇m+1A|2γs−2dµ ≤
∫
Σ
‖f‖8|∇m+2A|2γsdµ
+ c(s,Λ)
∫
Σ
[ ‖f‖6γs−2 + ‖f‖8γs−4 ]|∇mA|2dµ
≤
∫
Σ
‖f‖8|∇m+2A|2γsdµ
+ c(s,Λ)
∫
Σ
[ ‖f‖8γs−4 + ‖f‖4γs ]|∇mA|2dµ.
The claim follows.
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7 Estimates by smallness assumption, m=0
Proposition 7.1. For n,Λ > 0 and s ≥ 4 there exist
c′ = c′(n) , c = c(n, s,Λ) > 0
such that, if f : Σ × [0, T ) → Rn \ {0} is an inverse Willmore flow and
γ = γ˜ ◦ f as in (5.11), we have
d
dt
∫
Σ
|A|2γsdµ+
∫
Σ
‖f‖8
8
|∇2A|2γsdµ
≤ c′
∫
Σ
‖f‖8|A|6γsdµ+ c
∫
[γ>0]
[ ‖f‖8γs−4 + ‖f‖4γs ]|A|2dµ.
Proof. Recalling (4.6), (5.11) and observing∫
Σ
∇‖f‖8 ∗ ∇3A ∗ Aγsdµ ≤ c(n)
∫
Σ
|∇2‖f‖8||∇2A||A|γsdµ
+ c(n)
∫
Σ
|∇‖f‖8||∇2A||∇A|γsdµ
+ c(n)sΛ
∫
Σ
|∇‖f‖8||∇2A||A|γs−1dµ
we obtain∫
Σ
∑
(i,j,k)∈I(0), j<4
∇i‖f‖8 ∗ P jk (A) ∗ Aγ
sdµ
=
∫
Σ
‖f‖8[∇A ∗ ∇A ∗ A ∗ A+∇2A ∗ A ∗ A ∗ A
+ A ∗ A ∗ A ∗ A ∗ A ∗ A]γs
+∇‖f‖8 ∗ [∇3A ∗ A +∇A ∗ A ∗ A ∗ A]γs
+∇2‖f‖8 ∗ [∇2A ∗ A+ A ∗ A ∗A ∗ A]γs dµ
≤ c(n)
∫
Σ
|∇2A|[ ‖f‖8γs|A|3 + ‖f‖7γs|∇A|
+ sΛ‖f‖7γs−1|A|+ ‖f‖7γs|A|2 + ‖f‖6γs|A| ]
+ |∇A|2‖f‖8γs|A|2 + |∇A|‖f‖7γs|A|3
+ ‖f‖8γs|A|6 + ‖f‖7γs|A|5 + ‖f‖6γs|A|4 dµ. (7.1)
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For the first summand in (7.1) Young’s inequality yields∫
Σ
|∇2A|[ ‖f‖8γs|A|3 + ‖f‖7γs|∇A|
+ sΛ‖f‖7γs−1|A|+ ‖f‖7γs|A|2 + ‖f‖6γs|A| ] dµ
≤ε
∫
Σ
‖f‖8|∇2A|2γsdµ
+ c(ε)
∫
Σ
|∇A|2‖f‖6γsdµ
+ c(ε)
∫
Σ
[ ‖f‖8γs|A|6 + s2Λ2‖f‖6γs−2|A|2
+ ‖f‖6γs|A|4 + ‖f‖4γs|A|2 ] dµ.
By analogous estimate of the third summand, i.e.∫
Σ
|∇A|‖f‖7γs|A|3dµ ≤ c
∫
Σ
|∇A|2‖f‖6γsdµ+ c
∫
Σ
‖f‖8γs|A|6dµ,
and inserting in (7.1) we obtain∫
Σ
∑
(i,j,k)∈I(0), j<4
∇i‖f‖8 ∗ P jk (A) ∗ Aγ
sdµ
≤ε
∫
Σ
‖f‖8|∇2A|2γsdµ
+ c(n, ε)
∫
Σ
|∇A|2[ ‖f‖6γs + ‖f‖8γs|A|2 ]dµ
+ c(n, ε)
∫
Σ
[ ‖f‖8γs|A|6 + ‖f‖7γs|A|5 + s2Λ2‖f‖6γs−2|A|2
+ ‖f‖6γs|A|4 + ‖f‖4γs|A|2 ]dµ
≤ε
∫
Σ
‖f‖8|∇2A|2γsdµ+ c(n, ε)
∫
Σ
‖f‖8γs|A|6dµ
+ c(n, ε, s,Λ)
∫
[γ>0]
[ ‖f‖8γs−4 + ‖f‖4γs ]|A|2dµ
+ c(n, ε)
∫
Σ
|∇A|2[ ‖f‖6γs + ‖f‖8γs|A|2]dµ. (7.2)
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Next we come to estimate the fourth summand above.∫
Σ
|∇A|2[ ‖f‖6γs + ‖f‖8γs|A|2]dµ
=−
∫
Σ
〈∇A,A〉 ∗ ∇[ ‖f‖6γs + ‖f‖8γs|A|2]dµ
−
∫
Σ
〈∆A,A〉[ ‖f‖6γs + ‖f‖8γs|A|2]dµ
≤c
∫
Σ
|∇A||A|[ ‖f‖5γs + sΛ‖f‖6γs−1
+ ‖f‖7γs|A|2 + sΛ‖f‖8γs−1|A|2]dµ
− 2
∫
Σ
‖f‖8γs〈∇A,A〉2dµ
+
∫
Σ
|∇2A||A|[ ‖f‖6γs + ‖f‖8γs|A|2]dµ
≤ε
∫
Σ
‖f‖8|∇2A|2γsdµ+ ε
∫
Σ
|∇A|2[ ‖f‖6γs + ‖f‖8γs|A|2]dµ
+ c(ε)
∫
Σ
[ ‖f‖4γs|A|2 + s2Λ2‖f‖6γs−2|A|2
+ ‖f‖8γs|A|6 + s2Λ2‖f‖8γs−2|A|4]dµ
≤ε
∫
Σ
‖f‖8|∇2A|2γsdµ+ ε
∫
Σ
|∇A|2[ ‖f‖6γs + ‖f‖8γs|A|2]dµ
+ c(ε)
∫
Σ
‖f‖8|A|6γsdµ
+ c(ε, s,Λ)
∫
[γ>0]
[ ‖f‖8γs−4 + ‖f‖4γs]|A|2dµ.
Absorbing and plugging into (7.2) we conclude∫
Σ
∑
(i,j,k)∈I(0), j<4
∇i‖f‖8 ∗ P jk (A) ∗ Aγ
sdµ
≤ε
∫
Σ
‖f‖8|∇2A|2γsdµ+ c(n, ε)
∫
Σ
‖f‖8γs|A|6dµ
+ c(n, ε, s,Λ)
∫
[γ>0]
[ ‖f‖8γs−4 + ‖f‖4γs]|A|2dµ.
Applying this inequality to proposition 5.3, (5.12) proves the claim.
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Proposition 7.2. For n,Λ > 0 and s ≥ 4 there exist
ε0 = ε0(n), c0 = c0(n, s,Λ) > 0
such that, if f : Σ × [0, T ) → Rn \ {0} is an inverse Willmore flow,
γ = γ˜ ◦ f as in (5.11) and
sup
0≤t<T
∫
[γ>0]
|A|2dµ ≤ ε0,
we have ∫
Σ
|A|2γsdµ+
∫ t
0
∫
Σ
‖f‖8
16
|∇2A|2γsdµ dt ≤
∫
Σ
|A|2γsdµ⌊t=0
+ c0 sup
0≤t<T
(‖f‖8L∞µ ([γ>0]) + ‖f‖
4
L∞µ ([γ>0])
) · t.
Proof. We estimate by lemma 13.8∫
Σ
‖f‖8|A|6γsdµ =
∫
Σ
(‖f‖4|A|3γ
s
2 )2dµ
≤c[
∫
Σ
‖f‖3|A|3γ
s
2dµ+
∫
Σ
‖f‖4|A|2|∇A|γ
s
2dµ
+ sΛ
∫
Σ
‖f‖4|A|3γ
s−2
2 dµ+
∫
Σ
‖f‖4|A|4γ
s
2 dµ ]2
≤c
∫
[γ>0]
|A|2dµ[
∫
Σ
‖f‖6|A|4γsdµ+
∫
Σ
‖f‖8|A|2|∇A|2γsdµ
+ s2Λ2
∫
Σ
‖f‖8|A|4γs−2dµ+
∫
Σ
‖f‖8|A|6γsdµ ]. (7.3)
By integration by parts we get using ‖f‖8〈A,∇A〉2γs ≥ 0,∫
Σ
‖f‖8|A|2|∇A|2γsdµ ≤c
∫
Σ
‖f‖7|A|3|∇A|γsdµ+ c
∫
Σ
‖f‖8|A|3|∇2A|γsdµ
+ csΛ
∫
Σ
‖f‖8|A|3|∇A|γs−1dµ
≤ε
∫
Σ
‖f‖8|A|2|∇A|2γsdµ+ c(ε)
∫
Σ
‖f‖6|A|4γsdµ
+ c
∫
Σ
‖f‖8|∇2A|2γsdµ+ c
∫
Σ
‖f‖8|A|6γsdµ
+ c(ε)s2Λ2
∫
Σ
‖f‖8|A|4γs−2dµ,
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i.e. by absorption and Young’s inequality∫
Σ
‖f‖8|A|2|∇A|2γsdµ ≤c
∫
Σ
‖f‖8|∇2A|2γsdµ+ c
∫
Σ
‖f‖8|A|6γsdµ
+ c(s,Λ)
∫
[γ>0]
[ ‖f‖8γs−4 + ‖f‖4γs ]|A|2dµ.
For the remaining summands in (7.3) we have∫
Σ
‖f‖6|A|4γsdµ+ s2Λ2
∫
Σ
‖f‖8|A|4γs−2dµ+
∫
Σ
‖f‖8|A|6γsdµ
≤c
∫
Σ
‖f‖8|A|6γsdµ+ c(s,Λ)
∫
[γ>0]
[ ‖f‖8γs−4 + ‖f‖4γs ]|A|2dµ.
Applying these inequalities to (7.3) we derive∫
Σ
‖f‖8|A|6γsdµ ≤c
∫
[γ>0]
|A|2dµ
[
∫
Σ
‖f‖8|∇2A|2γsdµ+
∫
Σ
‖f‖8|A|6γsdµ
+ c(s,Λ)
∫
[γ>0]
[ ‖f‖8γs−4 + ‖f‖4γs ]|A|2dµ ].
Hence∫
Σ
‖f‖8|A|6γsdµ ≤ε
∫
Σ
‖f‖8|∇2A|2γsdµ
+ c(ε, s,Λ)
∫
[γ>0]
[ ‖f‖8γs−4 + ‖f‖4γs ]|A|2dµ, (7.4)
provided, that
∫
[γ>0]
|A|2dµ ≤ δ(ε) is small enough.
Applying this inequality to proposition 7.1 with ε = 1
16c′
we conclude
d
dt
∫
Σ
|A|2γsdµ+
∫
Σ
‖f‖8
16
|∇2A|2γsdµ
≤c(n, s,Λ)
∫
[γ>0]
[ ‖f‖8γs−4 + ‖f‖4γs ]|A|2dµ.
The proposition follows by integration.
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8 Estimates by smallness assumption, m=1
Proposition 8.1. For n,Λ, R, d, τ > 0 and s ≥ 6 there exist
ε1 = ε1(n), c1 = c1(n, s,Λ, R, d, τ) > 0,
such that, if f : Σ× [0, T )→ Rn \ {0}, 0 < T ≤ τ,
is an inverse Willmore flow, γ = γ˜ ◦ f as in (5.11) and
sup
0≤t<T
∫
[γ>0]
|A|2dµ ≤ ε1,
sup
0≤t<T
‖f‖L∞µ ([γ>0]) ≤ R,∫ T
0
∫
[γ>0]
‖f‖8|∇2A|2dµ dt ≤ d,∫ T
0
‖ ‖f‖4A‖4L∞µ ([γ>0])dt ≤ d,
we have
sup
0≤t<T
∫
Σ
|∇A|2γsdµ+
∫ T
0
∫
Σ
‖f‖8|∇3A|2γsdµ dt ≤ c1(1 +
∫
Σ
|∇A|2γsdµ⌊t=0).
Proof. For abbreviative reasons let c1 = c1(n, s,Λ, R). We will show∑
(i,j,k)∈I(1), j<5
∫
Σ
∇i‖f‖8 ∗ P jk (A) ∗ ∇Aγ
sdµ
≤
∫
Σ
‖f‖8
16
|∇3A|2dµ
+ c1(1 +
∫
[γ>0]
‖f‖8|∇2A|2dµ+ ‖ ‖f‖4A‖4L∞µ ([γ>0]))
(1 +
∫
Σ
|∇A|2γsdµ). (8.1)
Applying this inequality and proposition 6.1 with ε = 1
8c
to proposition 5.3
we obtain
d
dt
∫
Σ
|∇A|2γsdµ+
∫
Σ
‖f‖8
16
|∇3A|2γsdµ
≤c1(1 +
∫
[γ>0]
‖f‖8|∇2A|2dµ+ ‖ ‖f‖4A‖4L∞µ ([γ>0]))(1 +
∫
Σ
|∇A|2γsdµ),
what proves the proposition using Gronwall’s inequality, cf. lemma 13.1.
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For the reader’s convenience we perform this argument. First we have
d
dt
(1+
∫
Σ
|∇A|2γsdµ)
≤c1(1 +
∫
[γ>0]
‖f‖8|∇2A|2dµ+ ‖ ‖f‖4A‖4L∞µ ([γ>0]))(1 +
∫
Σ
|∇A|2γsdµ).
Integrating and applying Gronwall’s inequality we obtain
1 +
∫
Σ
|∇A|2γsdµ
≤ (1 +
∫
Σ
|∇A|2γsdµ⌊t=0)e
c1
∫ t
0 (1+
∫
[γ>0] ‖f‖
8|∇2A|2dµ+‖ ‖f‖4A‖4
L∞µ ([γ>0])
)dt
≤ (1 +
∫
Σ
|∇A|2γsdµ⌊t=0)e
c1(τ+2d).
It follows
sup
0≤t<T
∫
Σ
|∇A|2γsdµ ≤ c(n, s,Λ, R, d, τ)(1 +
∫
Σ
|∇A|2γsdµ⌊t=0).
Secondly we derive by integration and the already proven estimate∫ T
0
∫
Σ
‖f‖8
16
|∇3A|2γsdµ dt ≤
∫
Σ
|∇A|2γsdµ⌊t=0
+ c1(1 + sup
0≤t<T
∫
Σ
|∇A|2γsdµ)∫ T
0
(1 +
∫
[γ>0]
‖f‖8|∇2A|2dµ+ ‖ ‖f‖4A‖4L∞µ ([γ>0])) dt
≤
∫
Σ
|∇A|2γsdµ⌊t=0+c(n, s,Λ, R)c(n, s,Λ, R, d, τ)
(1 +
∫
Σ
|∇A|2γsdµ⌊t=0)(τ + 2d)
≤c(n, s,Λ, R, d, τ)(1 +
∫
Σ
|∇A|2γsdµ⌊t=0).
This establishes the required estimate, provided, that (8.1) holds true.
To show (8.1) we give adequate estimates for each term of the sum on
the left hand side in (8.1).
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• k = 5, j = 1, i = 0
For this case we start estimating by lemma 13.8 and Ho¨lder’s inequality∫
Σ
‖f‖8|A|4|∇A|2γsdµ =
∫
Σ
(‖f‖4|A|2|∇A|γ
s
2 )2dµ
≤c[
∫
Σ
‖f‖3|A|2|∇A|γ
s
2dµ+
∫
Σ
‖f‖4|A||∇A|2γ
s
2dµ
+
∫
Σ
‖f‖4|A|2|∇2A|γ
s
2dµ+ sΛ
∫
Σ
‖f‖4|A|2|∇A|γ
s−2
2 dµ
+
∫
Σ
‖f‖4|A|3|∇A|γ
s
2dµ ]2
≤c
∫
[γ>0]
|A|2dµ
[
∫
Σ
‖f‖6|A|2|∇A|2γsdµ+
∫
Σ
‖f‖8|∇A|4γsdµ
+
∫
Σ
‖f‖8|A|2|∇2A|2γsdµ+ s2Λ2
∫
Σ
‖f‖8|A|2|∇A|2γs−2dµ
+
∫
Σ
‖f‖8|A|4|∇A|2γsdµ ]
≤c
∫
[γ>0]
|A|2dµ
[
∫
Σ
‖f‖8|A|4|∇A|2γsdµ+
∫
Σ
‖f‖4|∇A|2γsdµ+
∫
Σ
‖f‖8|∇A|4γsdµ
+ s4Λ4
∫
[γ>0]
‖f‖8|A|4dµ+
∫
Σ
‖f‖8|A|2|∇2A|2γsdµ ].
By integration by parts∫
Σ
‖f‖8|∇A|4γsdµ
≤c
∫
Σ
‖f‖7|A||∇A|3γsdµ+ c
∫
Σ
‖f‖8|A||∇A|2|∇2A|γsdµ
+ csΛ
∫
Σ
‖f‖8|A||∇A|3γs−1dµ
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≤ε
∫
Σ
‖f‖8|∇A|4γsdµ+ c(ε)
∫
Σ
‖f‖6|A|2|∇A|2γsdµ
+ c(ε)
∫
Σ
‖f‖8|A|2|∇2A|2γsdµ+ c(ε)s4Λ4
∫
[γ>0]
‖f‖8|A|4dµ,
i.e. by absorption and Young’s inequality∫
Σ
‖f‖8|∇A|4γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇A|2γsdµ+ c
∫
Σ
‖f‖4|∇A|2γsdµ
+ cs4Λ4
∫
[γ>0]
‖f‖8|A|4dµ+ c
∫
Σ
‖f‖8|A|2|∇2A|2γsdµ. (8.2)
Inserting this inequality yields∫
Σ
‖f‖8|A|4|∇A|2γsdµ
≤c
∫
[γ>0]
|A|2dµ[
∫
Σ
‖f‖8|A|4|∇A|2γsdµ+ s4Λ4
∫
[γ>0]
‖f‖8|A|4dµ
+
∫
Σ
‖f‖4|∇A|2γsdµ+
∫
Σ
‖f‖8|A|2|∇2A|2γsdµ ]. (8.3)
Next we have∫
Σ
‖f‖8|A|2|∇2A|2γsdµ =
∫
Σ
(‖f‖4|A||∇2A|γ
s
2 )2dµ
≤c[
∫
Σ
‖f‖3|A||∇2A|γ
s
2dµ+
∫
Σ
‖f‖4|∇A||∇2A|γ
s
2dµ
+
∫
Σ
‖f‖4|A||∇3A|γ
s
2dµ+ sΛ
∫
Σ
‖f‖4|A||∇2A|γ
s−2
2 dµ
+
∫
Σ
‖f‖4|A|2|∇2A|γ
s
2dµ ]2
≤c
∫
[γ>0]
|A|2dµ[
∫
Σ
‖f‖8|∇3A|2γsdµ+ s2Λ2
∫
[γ>0]
‖f‖8|∇2A|2dµ
+
∫
Σ
‖f‖6|∇2A|2γsdµ+
∫
Σ
‖f‖8|A|2|∇2A|2γsdµ ]
+ c
∫
[γ>0]
‖f‖8|∇2A|2dµ
∫
Σ
|∇A|2γsdµ. (8.4)
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By integration by parts we have∫
Σ
‖f‖6|∇2A|2γsdµ ≤c
∫
Σ
‖f‖5|∇A||∇2A|γsdµ+ c
∫
Σ
‖f‖6|∇A||∇3A|γsdµ
+ csΛ
∫
Σ
‖f‖6|∇A||∇2A|γs−1dµ
≤ε
∫
Σ
‖f‖6|∇2A|2γsdµ+ cs2Λ2
∫
[γ>0]
‖f‖8|∇2A|2dµ
+ c
∫
Σ
‖f‖8|∇3A|2γsdµ
+ c(ε)
∫
Σ
‖f‖4|∇A|2γsdµ. (8.5)
Absorbing and inserting (8.5) in (8.4) we obtain, since
∫
[γ>0]
|A|2dµ ≤ ε1,∫
Σ
‖f‖8|A|2|∇2A|2γsdµ ≤c
∫
[γ>0]
|A|2dµ
∫
Σ
‖f‖8|∇3A|2γsdµ
+ c
∫
Σ
‖f‖4|∇A|2γsdµ
+ c
∫
[γ>0]
‖f‖8|∇2A|2dµ
∫
Σ
|∇A|2γsdµ
+ cs2Λ2
∫
[γ>0]
‖f‖8|∇2A|2dµ. (8.6)
Inserting finally (8.6) in (8.3) we derive∫
Σ
‖f‖8|A|4|∇A|2γsdµ
≤c
∫
[γ>0]
|A|2dµ
[
∫
Σ
‖f‖8|A|4|∇A|2γsdµ+
∫
Σ
‖f‖8|∇3A|2γsdµ
+
∫
Σ
‖f‖4|∇A|2γsdµ+
∫
[γ>0]
‖f‖8|∇2A|2dµ
∫
Σ
|∇A|2γsdµ
+ s2Λ2
∫
[γ>0]
‖f‖8|∇2A|2dµ+ s4Λ4
∫
[γ>0]
‖f‖8|A|4dµ ].
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Since
∫
[γ>0]
‖f‖8|A|4dµ ≤ c‖ ‖f‖4A‖4L∞µ ([γ>0]) + c(
∫
[γ>0]
|A|2dµ)2, we conclude∫
Σ
‖f‖8|A|4|∇A|2γsdµ
≤c
∫
[γ>0]
|A|2dµ[
∫
Σ
‖f‖8|A|4|∇A|2γsdµ+
∫
Σ
‖f‖8|∇3A|2γsdµ ]
+ c1(1 +
∫
[γ>0]
‖f‖8|∇2A|2dµ+ ‖ ‖f‖4A‖4L∞µ [γ>0])(1 +
∫
Σ
|∇A|2γsdµ).
Consequently∫
Σ
‖f‖8|A|4|∇A|2γsdµ
≤ε
∫
Σ
‖f‖8|∇3A|2γsdµ
+ c(ε, c1)(1 +
∫
[γ>0]
‖f‖8|∇2A|2dµ+ ‖ ‖f‖4A‖4L∞µ ([γ>0]))
(1 +
∫
Σ
|∇A|2γsdµ), (8.7)
provided, that
∫
[γ>0]
|A|2dµ ≤ δ(ε).
• k = 5, j = 0, i = 1
By Young’s inequality we have∫
Σ
‖f‖7|A|5|∇A|γsdµ ≤c
∫
Σ
‖f‖8|A|4|∇A|2γsdµ+ c
∫
Σ
‖f‖6|A|6γsdµ.
From lemma 13.8 we infer∫
Σ
‖f‖6|A|6γsdµ =
∫
Σ
(‖f‖3|A|3γ
s
2 )2dµ
≤c[
∫
Σ
‖f‖2|A|3γ
s
2dµ+
∫
Σ
‖f‖3|A|2|∇A|γ
s
2dµ
+ sΛ
∫
Σ
‖f‖3|A|3γ
s−2
2 dµ+
∫
Σ
‖f‖3|A|4γ
s
2dµ]2
≤c
∫
[γ>0]
|A|2dµ[
∫
Σ
‖f‖6|A|6γsdµ+
∫
[γ>0]
(‖f‖2 + s4Λ4‖f‖6)|A|2dµ
+
∫
Σ
‖f‖4|∇A|2γsdµ+
∫
Σ
‖f‖8|A|4|∇A|2γsdµ].
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Since
∫
[γ>0]
|A|2dµ ≤ ε1 we obtain by absorption∫
Σ
‖f‖6|A|6γsdµ ≤ c
∫
Σ
‖f‖8|A|4|∇A|2γsdµ+ c1(1 +
∫
Σ
|∇A|2γsdµ). (8.8)
Reinserting we conclude by (8.7)∫
Σ
‖f‖7|A|5|∇A|γsdµ ≤ c
∫
Σ
‖f‖8|A|4|∇A|2γsdµ+ c1(1 +
∫
Σ
|∇A|2γsdµ)
≤ε
∫
Σ
‖f‖8|∇3A|2γsdµ
+ c(ε, c1)(1 +
∫
[γ>0]
‖f‖8|∇2A|2dµ+ ‖ ‖f‖4A‖4L∞µ ([γ>0]))
(1 +
∫
Σ
|∇A|2γsdµ),
provided, that
∫
[γ>0]
|A|2dµ ≤ δ(ε).
• k = 3, j = 3, i = 0
For the first term we have∫
Σ
‖f‖8|A|2|∇A||∇3A|γsdµ
≤ε
∫
Σ
‖f‖8|∇3A|2γsdµ+ c(ε)
∫
Σ
‖f‖8|A|4|∇A|2γsdµ.
Apply (8.7) to obtain a suitable estimate. Next∫
Σ
‖f‖8|A||∇A|2|∇2A|γsdµ ≤c
∫
Σ
‖f‖8|∇A|4γsdµ+ c
∫
Σ
‖f‖8|A|2|∇2A|2γsdµ.
Using (8.2) in a first step, then applying (8.6) we derive
c
∫
Σ
‖f‖8|∇A|4γsdµ+ c
∫
Σ
‖f‖8|A|2|∇2A|2γsdµ
≤c
∫
[γ>0]
|A|2dµ
∫
Σ
‖f‖8|∇3A|2γsdµ+ c
∫
Σ
‖f‖8|A|4|∇A|2γsdµ
+ c
∫
Σ
‖f‖4|∇A|2γsdµ+ c
∫
[γ>0]
‖f‖8|∇2A|2dµ
∫
Σ
|∇A|2γsdµ
+ cs4Λ4
∫
[γ>0]
‖f‖8|A|4dµ+ cs2Λ2
∫
[γ>0]
‖f‖8|∇2A|2dµ, (8.9)
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hence by (8.7) and
∫
[γ>0]
‖f‖8|A|4dµ ≤ c‖ ‖f‖4A‖4L∞µ ([γ>0]) + c(
∫
[γ>0]
|A|2dµ)2∫
Σ
‖f‖8|A||∇A|2|∇2A|γsdµ
≤ε
∫
Σ
‖f‖8|∇3A|2γsdµ
+ c(ε, c1)(1 +
∫
[γ>0]
‖f‖8|∇2A|2dµ+ ‖ ‖f‖4A‖4L∞µ ([γ>0]))
(1 +
∫
Σ
|∇A|2γsdµ),
provided, that
∫
[γ>0]
|A|2dµ ≤ δ(ε).
For the last term of this case, i.e.
∫
Σ
‖f‖8|∇A|4γsdµ, apply (8.9) and (8.7).
• k = 3, j = 2, i = 1
By Young’s inequality we have∫
Σ
‖f‖7|A|2|∇A||∇2A|γsdµ+
∫
Σ
‖f‖7|A||∇A|3γsdµ
≤c
∫
Σ
‖f‖6|A|2|∇A|2γsdµ+ c
∫
Σ
‖f‖8|∇A|4γsdµ
+ c
∫
Σ
‖f‖8|A|2|∇2A|2γsdµ
≤c
∫
Σ
‖f‖4|∇A|2γsdµ+ c
∫
Σ
‖f‖8|A|4|∇A|2γsdµ
+ c
∫
Σ
‖f‖8|A|2|∇2A|2γsdµ+ c
∫
Σ
‖f‖8|∇A|4γsdµ.
Apply (8.9) and (8.7).
• k = 3, j = 1, i = 2
Apply (8.7) to∫
Σ
(‖f‖6 + ‖f‖7|A|)|A|2|∇A|2γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇A|2γsdµ+ c
∫
Σ
‖f‖4|∇A|2γsdµ.
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• k = 3, j = 0, i = 3
By Young’s inequality we have∫
Σ
(‖f‖5 + ‖f‖6|A|+ ‖f‖7|A|2 + ‖f‖7|∇A|)|A|3|∇A|γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇A|2γsdµ+ c
∫
Σ
‖f‖4|∇A|2γsdµ
+ c
∫
[γ>0]
‖f‖2|A|2dµ+ c
∫
Σ
‖f‖6|A|6γsdµ.
Apply (8.8) and (8.7).
• k = 1, j = 4, i = 1
We use integration by parts to derive∫
Σ
∇‖f‖8 ∗ ∇4A ∗ ∇Aγsdµ
=−
∫
Σ
∇2‖f‖8 ∗ ∇3A ∗ ∇Aγsdµ−
∫
Σ
∇‖f‖8 ∗ ∇3A ∗ ∇2Aγsdµ
− s
∫
Σ
∇‖f‖8 ∗ ∇3A ∗ ∇A ∗ ∇γ γs−1dµ
≤c(n)
∫
Σ
(‖f‖6 + ‖f‖7|A|)|∇A||∇3A|γsdµ
+ c(n)
∫
Σ
‖f‖7|∇2A||∇3A|γsdµ
+ c(n)sΛ
∫
Σ
‖f‖7|∇A||∇3A|γs−1dµ
≤ε
∫
Σ
‖f‖8|∇3A|2γsdµ+ c(n, ε)
∫
Σ
‖f‖4|∇A|2γsdµ
+ c(n, ε)
∫
Σ
‖f‖6|A|2|∇A|2γsdµ+ c(n, ε)
∫
Σ
‖f‖6|∇2A|2γsdµ
+ c(n, ε)s2Λ2
∫
Σ
‖f‖6|∇A|2γs−2dµ.
By Young’s inequality we have∫
Σ
‖f‖6|A|2|∇A|2γsdµ ≤c
∫
Σ
‖f‖8|A|4|∇A|2γsdµ+ c
∫
Σ
‖f‖4|∇A|2γsdµ.
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Furthermore we use corollary 13.11 to derive∫
Σ
‖f‖6|∇2A|2γsdµ+ s2Λ2
∫
Σ
‖f‖6|∇A|2γs−2dµ
≤ε
∫
Σ
‖f‖8|∇3A|2γsdµ+ c(ε)
∫
Σ
‖f‖4|∇A|2γsdµ
+ c(ε, s,Λ)
∫
Σ
‖f‖6|∇A|2γs−2dµ
≤ε
∫
Σ
‖f‖8|∇3A|2γsdµ+ c(ε)
∫
Σ
‖f‖4|∇A|2γsdµ
+ δ
∫
Σ
‖f‖6|∇2A|2γsdµ
+ c(ε, δ, s,Λ)
∫
[γ>0]
(‖f‖6 + ‖f‖4)|A|2dµ,
i.e. by absorption∫
Σ
‖f‖6|∇2A|2γsdµ+ s2Λ2
∫
Σ
‖f‖6|∇A|2γs−2dµ
≤ε
∫
Σ
‖f‖8|∇3A|2γsdµ+ c(ε)
∫
Σ
‖f‖4|∇A|2γsdµ
+ c(ε, s,Λ)
∫
[γ>0]
(‖f‖6 + ‖f‖4)|A|2dµ. (8.10)
Inserting yields∫
Σ
∇‖f‖8 ∗ ∇4A ∗ ∇Aγsdµ
≤ε
∫
Σ
‖f‖8|∇3A|2γsdµ+ c(n, ε)
∫
Σ
‖f‖8|A|4|∇A|2γsdµ
+ c(n, ε)
∫
Σ
‖f‖4|∇A|2γsdµ
+ c(n, ε, s,Λ)
∫
[γ>0]
(‖f‖6 + ‖f‖4)|A|2dµ.
Apply (8.7).
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• k = 1, j = 3, i = 2
By Young’s inequality we have∫
Σ
(‖f‖6 + ‖f‖7|A|)|∇A||∇3A|γsdµ
≤ε
∫
Σ
‖f‖8|∇3A|2γsdµ+ c(ε)
∫
Σ
‖f‖4|∇A|2γsdµ
+ c(ε)
∫
Σ
‖f‖6|A|2|∇A|2γsdµ
≤ε
∫
Σ
‖f‖8|∇3A|2γsdµ+ c(ε)
∫
Σ
‖f‖8|A|4|∇A|2γsdµ
+ c(ε)
∫
Σ
‖f‖4|∇A|2γsdµ.
Apply (8.7).
• k = 1, j = 2, i = 3
∫
Σ
(‖f‖5 + ‖f‖6|A|+ ‖f‖7|A|2 + ‖f‖7|∇A|)|∇A||∇2A|γsdµ
≤c
∫
[γ>0]
‖f‖8|∇2A|2dµ+ c
∫
Σ
(‖f‖2 + ‖f‖4)|∇A|2γsdµ
+ c
∫
Σ
‖f‖8|A|2|∇2A|2γsdµ+ c
∫
Σ
‖f‖8|A|4|∇A|2γsdµ
+ c
∫
Σ
‖f‖8|∇A|4γsdµ+ c
∫
Σ
‖f‖6|∇2A|2γsdµ.
Apply (8.9), (8.7) and (8.10). Collecting terms we conclude∑
(i,j,k)∈I(1), j<5
∫
Σ
∇i‖f‖8 ∗ P jk (A) ∗ ∇Aγ
sdµ
≤ε
∫
Σ
‖f‖8|∇3A|2dµ
+ c(ε, c1)(1 +
∫
[γ>0]
‖f‖8|∇2A|2dµ+ ‖ ‖f‖4A‖4L∞µ ([γ>0]))
(1 +
∫
Σ
|∇A|2γsdµ)
for
∫
[γ>0]
|A|2dµ ≤ δ(ε, n) small enough. Choosing ε = 1
16
proves (8.1).
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9 Estimates by smallness assumption, m=2
Proposition 9.1. For n,Λ, R, d, τ > 0 and s ≥ 8 there exist
ε2 = ε2(n), c2 = c2(n, s,Λ, R, d, τ) > 0,
such that, if f : Σ× [0, T )→ Rn \ {0}, 0 < T ≤ τ,
is an inverse Willmore flow, γ = γ˜ ◦ f as in (5.11) and
sup
0≤t<T
∫
[γ>0]
|A|2dµ ≤ ε2,
sup
0≤t<T
‖f‖L∞µ ([γ>0]) ≤ R,
sup
0≤t<T
∫
[γ>0]
|∇A|2dµ ≤ d,∫ T
0
∫
[γ>0]
‖f‖8|∇kA|2dµ dt ≤ d for k = 2, 3 and∫ T
0
‖ ‖f‖4∇kA‖4L∞µ ([γ>0])dt ≤ d for k = 0, 1,
we have
sup
0≤t<T
∫
Σ
|∇2A|2γsdµ+
∫ T
0
∫
Σ
‖f‖8|∇4A|2γsdµ dt ≤ c2(1 +
∫
Σ
|∇2A|2γsdµ⌊t=0).
Proof. For abbreviative reasons let c2 = c2(n, s,Λ, R, d). We will show∑
(i,j,k)∈I(2), j<6
∫
Σ
∇i‖f‖8 ∗ P jk (A) ∗ ∇Aγ
sdµ
≤
∫
Σ
‖f‖8
16
|∇4A|2dµ
+ c2(1 +
∫
[γ>0]
‖f‖8|∇2A|2dµ+
∫
[γ>0]
‖f‖8|∇3A|2dµ
+ ‖ ‖f‖4A‖4L∞µ ([γ>0]) + ‖ ‖f‖
4∇A‖4L∞µ ([γ>0]))
(1 +
∫
Σ
|∇2A|2γsdµ). (9.1)
Applying this inequality and proposition 6.1 with ε = 1
8c
to proposition 5.3
prove the claim using Gronwall’s inequality, cf. lemma 13.1.
To show (9.1) we give adequate estimates for each term of the sum.
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• k = 5, j = 2, i = 0
By lemma 13.8 we estimate∫
Σ
‖f‖8|A|4|∇2A|2γsdµ =
∫
Σ
(‖f‖4|A|2|∇2A|γ
s
2 )2dµ
≤c[
∫
Σ
‖f‖3|A|2|∇2A|γ
s
2dµ+
∫
Σ
‖f‖4|A||∇A||∇2A|γ
s
2dµ
+
∫
Σ
‖f‖4|A|2|∇3A|γ
s
2dµ+ sΛ
∫
Σ
‖f‖4|A|2|∇2A|γ
s−2
2 dµ
+
∫
Σ
‖f‖4|A|3|∇2A|γ
s
2dµ ]2
≤c
∫
[γ>0]
|A|2dµ
[
∫
Σ
‖f‖6|A|2|∇2A|2γsdµ+
∫
Σ
‖f‖8|A|2|∇3A|2γsdµ
+ s2Λ2
∫
Σ
‖f‖8|A|2|∇2A|2γs−2dµ+
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ ]
+ c
∫
[γ>0]
‖f‖8|A|2|∇A|2dµ
∫
Σ
|∇2A|2γsdµ
≤c
∫
[γ>0]
|A|2dµ
[
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ+
∫
Σ
‖f‖8|A|2|∇3A|2γsdµ
+
∫
Σ
‖f‖4|∇2A|2γsdµ+ s4Λ4
∫
[γ>0]
‖f‖8|∇2A|2dµ ]
+ c[ ‖ ‖f‖4A‖4L∞µ ([γ>0]) + (
∫
[γ>0]
|∇A|2dµ)2 ]
∫
Σ
|∇2A|2γsdµ.
Since
∫
[γ>0]
|A|2dµ ≤ ε2, we obtain by absorption
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∫
Σ
‖f‖8|A|4|∇2A|2γsdµ ≤c
∫
[γ>0]
|A|2dµ
∫
Σ
‖f‖8|A|2|∇3A|2γsdµ
+ c2(1 +
∫
[γ>0]
‖f‖8|∇2A|2dµ+ ‖ ‖f‖4A‖4L∞µ ([γ>0]))
(1 +
∫
Σ
|∇2A|2γsdµ). (9.2)
Next we have again by lemma 13.8∫
Σ
‖f‖8|A|2|∇3A|2γsdµ =
∫
Σ
(‖f‖4|A||∇3A|γ
s
2 )2dµ
≤c
∫
[γ>0]
|A|2dµ[
∫
Σ
‖f‖6|∇3A|2γsdµ+
∫
Σ
‖f‖8|∇4A|2dµ
+ s2Λ2
∫
[γ>0]
‖f‖8|∇3A|2dµ+
∫
Σ
‖f‖8|A|2|∇3A|2γsdµ ]
+ c
∫
[γ>0]
‖f‖8|∇3A|2dµ
∫
[γ>0]
|∇A|2dµ. (9.3)
By corollary 13.11∫
Σ
‖f‖6|∇3A|2γsdµ ≤ε
∫
Σ
‖f‖8|∇4A|2γsdµ+ c(ε)
∫
Σ
‖f‖4|∇2A|2γsdµ
+ c(ε)s2Λ2
∫
Σ
‖f‖6|∇2A|2γs−2dµ
≤ε
∫
Σ
‖f‖8|∇4A|2γsdµ+ c(ε)
∫
Σ
‖f‖4|∇2A|2γsdµ
+ c(ε)s4Λ4
∫
[γ>0]
‖f‖8|∇2A|2dµ. (9.4)
Applying this inequality to (9.3) we derive by absorption∫
Σ
‖f‖8|A|2|∇3A|2γsdµ ≤ c
∫
[γ>0]
|A|2dµ
∫
Σ
‖f‖8|∇4A|2dµ
+ c2(1 +
∫
[γ>0]
‖f‖8|∇2A|2dµ+
∫
[γ>0]
‖f‖8|∇3A|2dµ)(1 +
∫
Σ
|∇2A|2γsdµ).
(9.5)
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Inserting (9.5) in (9.2) we conclude∫
Σ
‖f‖8|A|4|∇2A|2γsdµ
≤ε
∫
Σ
‖f‖8|∇4A|2dµ
+ c(ε, c2)(1 +
∫
[γ>0]
‖f‖8|∇2A|2dµ+
∫
[γ>0]
‖f‖8|∇3A|2dµ
+ ‖ ‖f‖4A‖4L∞µ ([γ>0]))
(1 +
∫
Σ
|∇2A|2γsdµ), (9.6)
provided, that
∫
[γ>0]
|A|2dµ ≤ δ(ε).
For the next term to be considered we have by Young’s inequality∫
Σ
‖f‖8|A|3|∇A|2|∇2A|γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ+ c
∫
Σ
‖f‖8|A|2|∇A|4γsdµ.
We estimate by lemma 13.8∫
Σ
‖f‖8|A|2|∇A|4γsdµ =
∫
Σ
(‖f‖4|A||∇A|2γ
s
2 )2dµ
≤c[
∫
Σ
‖f‖3|A||∇A|2γ
s
2dµ+
∫
Σ
‖f‖4|∇A|3γ
s
2dµ
+
∫
Σ
‖f‖4|A||∇A||∇2A|γ
s
2dµ+ sΛ
∫
Σ
‖f‖4|A||∇A|2γ
s−2
2 dµ
+
∫
Σ
‖f‖4|A|2|∇A|2γ
s
2dµ ]2
≤c
∫
[γ>0]
|∇A|2dµ
[
∫
Σ
‖f‖6|A|2|∇A|2γsdµ+
∫
Σ
‖f‖8|∇A|4γsdµ
+
∫
Σ
‖f‖8|A|2|∇2A|2γsdµ+ s2Λ2
∫
Σ
‖f‖8|A|2|∇A|2γs−2dµ ]
+ c
∫
[γ>0]
|A|2dµ
∫
Σ
‖f‖8|A|2|∇A|4γsdµ.
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Hence by Young’s inequality∫
Σ
‖f‖8|A|2|∇A|4γsdµ ≤ (ε+ c
∫
[γ>0]
|A|2dµ)
∫
Σ
‖f‖8|A|2|∇A|4γsdµ
+ c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ
+ c(ε, s,Λ)(1 + (
∫
[γ>0]
|∇A|2dµ)2)
[
∫
[γ>0]
‖f‖4|A|2dµ+
∫
[γ>0]
‖f‖8|∇A|4dµ
+
∫
[γ>0]
‖f‖8|∇2A|2dµ+
∫
[γ>0]
‖f‖8|A|2dµ ].
Absorbing,
∫
[γ>0]
‖f‖8|∇A|4dµ ≤ c‖ ‖f‖4∇A‖4L∞µ ([γ>0]) + c(
∫
[γ>0]
|∇A|2dµ)2
and (9.6) yield an adequate estimate.
• k = 5, j = 1, i = 1
Clearly∫
Σ
‖f‖7|A|4|∇A||∇2A|γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ+ c
∫
Σ
‖f‖6|A|4|∇A|2γsdµ.
By lemma 13.8 we derive∫
Σ
‖f‖6|A|4|∇A|2γsdµ =
∫
Σ
(‖f‖3|A|2|∇A|γ
s
2 )2dµ
≤c
∫
[γ>0]
|A|2dµ
[
∫
Σ
‖f‖6|A|4|∇A|2γsdµ+
∫
[γ>0]
‖f‖2|∇A|2dµ
+
∫
Σ
‖f‖6|A|2|∇2A|2γsdµ+ s4Λ4
∫
[γ>0]
‖f‖6|∇A|2dµ]
+ ε
∫
Σ
‖f‖6|A|4|∇A|2γsdµ
+ c(ε)(
∫
[γ>0]
|∇A|2dµ)2
∫
Σ
‖f‖6|∇A|2γsdµ.
44
Absorbing and reinserting we conclude by Young’s inequality∫
Σ
‖f‖7|A|4|∇A||∇2A|γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ+ c2(1 +
∫
Σ
|∇2A|2γsdµ).
Apply (9.6).
• k = 5, j = 0, i = 2
First we have∫
Σ
(‖f‖6 + ‖f‖7|A|)|A|5|∇2A|γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ+ c
∫
Σ
‖f‖4|A|6γsdµ+ c
∫
Σ
‖f‖6|A|8γsdµ.
By lemma 13.8 we estimate
∫
Σ
‖f‖4|A|6γsdµ =
∫
Σ
(‖f‖2|A|3γ
s
2 )2dµ
≤c[
∫
Σ
‖f‖|A|3γ
s
2dµ+
∫
Σ
‖f‖2|A|2|∇A|γ
s
2dµ
+ sΛ
∫
Σ
‖f‖2|A|3γ
s−2
2 dµ+
∫
Σ
‖f‖2|A|4γ
s
2dµ ]2
≤c
∫
[γ>0]
|∇A|2dµ
∫
Σ
‖f‖4|A|4γsdµ
+ c
∫
[γ>0]
|A|2dµ
[
∫
Σ
‖f‖2|A|4γsdµ+ s2Λ2
∫
Σ
‖f‖4|A|4γs−2dµ+
∫
Σ
‖f‖4|A|6γsdµ ]
≤(ε+ c
∫
[γ>0]
|A|2dµ)
∫
Σ
‖f‖4|A|6γsdµ+ c(
∫
[γ>0]
|A|2dµ)2
+ c(ε)[ (
∫
[γ>0]
|∇A|2dµ)2 + s4Λ4 ]
∫
[γ>0]
‖f‖4|A|2dµ,
i.e.
∫
Σ
‖f‖4|A|6γsdµ ≤ c2 by absorption.
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Similarly∫
Σ
‖f‖6|A|8γsdµ =
∫
Σ
(‖f‖3|A|4γ
s
2 )2dµ
≤c[
∫
Σ
‖f‖2|A|4γ
s
2dµ+
∫
Σ
‖f‖3|A|3|∇A|γ
s
2dµ
+ sΛ
∫
Σ
‖f‖3|A|4γ
s−2
2 dµ+
∫
Σ
‖f‖3|A|5γ
s
2dµ ]2
≤c
∫
[γ>0]
|∇A|2dµ
∫
Σ
‖f‖6|A|6γsdµ
+ c
∫
[γ>0]
|A|2dµ
[
∫
Σ
‖f‖4|A|6γsdµ+ s2Λ2
∫
Σ
‖f‖6|A|6γs−2dµ+
∫
Σ
‖f‖6|A|8γsdµ ]
≤c(ε+
∫
[γ>0]
|A|2dµ)
∫
Σ
‖f‖6|A|8γsdµ+ c(
∫
[γ>0]
|A|2dµ)2
+ c(ε, s,Λ)[ (
∫
[γ>0]
|∇A|2dµ)3 + s6Λ6 ]
∫
[γ>0]
‖f‖6|A|2dµ,
where Young’s inequality with p = 3
2
, q = 3 and 6 = 16
3
+ 2
3
was used in the
last step. Hence we conclude∫
Σ
‖f‖4|A|6γsdµ+
∫
Σ
‖f‖6|A|8γsdµ ≤ c2 (9.7)
for
∫
[γ>0]
|A|2dµ ≤ ε2 sufficiently small.
Inserting and applying (9.6) yields the required result for this case.
• k = 3, j = 4, i = 0
First we have∫
Σ
‖f‖8|A|2|∇2A||∇4A|γsdµ
≤ε
∫
Σ
‖f‖8|∇4A|2γsdµ+ c(ε)
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ.
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Apply (9.6). Next we estimate∫
Σ
‖f‖8|A||∇A||∇2A||∇3A|γsdµ
≤c
∫
Σ
‖f‖8|A|2|∇3A|2γsdµ+ c
∫
Σ
‖f‖8|∇A|2|∇2A|2γsdµ
≤c
∫
Σ
‖f‖8|A|2|∇3A|2γsdµ+ c(1 + ‖ ‖f‖4∇A‖4L∞µ ([γ>0]))
∫
Σ
|∇2A|2γsdµ.
Apply (9.5). For the third term in this case we have∫
Σ
‖f‖8|A||∇2A|3γsdµ
≤ ε
∫
Σ
‖f‖12|∇2A|4γsdµ+ c(ε)
∫
Σ
‖f‖4|A|2|∇2A|2γsdµ. (9.8)
For the first term of the sum above we estimate by integration by parts∫
Σ
‖f‖12|∇2A|4γsdµ
≤c
∫
Σ
‖f‖11|∇A||∇2A|3γsdµ+ c
∫
Σ
‖f‖12|∇A||∇2A|2|∇3A|γsdµ
+ csΛ
∫
Σ
‖f‖12|∇A||∇2A|3γs−1dµ
≤ε
∫
Σ
‖f‖12|∇2A|4γsdµ+ c(ε)
∫
[γ>0]
‖f‖8|∇A|4dµ
+ c(ε)
∫
Σ
‖f‖12|∇A|2|∇3A|2γsdµ
+ c(ε)s4Λ4
∫
[γ>0]
‖f‖12|∇A|4dµ,
i.e. by absorption∫
Σ
‖f‖12|∇2A|4γsdµ
≤ c
∫
Σ
‖f‖12|∇A|2|∇3A|2γsdµ+ c2(1 + ‖ ‖f‖
4∇A‖4L∞µ ([γ>0])). (9.9)
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We proceed using lemma 13.8 to obtain∫
Σ
‖f‖12|∇A|2|∇3A|2γsdµ =
∫
Σ
(‖f‖6|∇A||∇3A|γ
s
2 )2dµ
≤c[
∫
Σ
‖f‖5|∇A||∇3A|γ
s
2dµ+
∫
Σ
‖f‖6|∇2A||∇3A|γ
s
2dµ
+
∫
Σ
‖f‖6|∇A||∇4A|γ
s
2dµ+ sΛ
∫
Σ
‖f‖6|∇A||∇3A|γ
s−2
2 dµ
+
∫
Σ
‖f‖6|A||∇A||∇3A|γ
s
2dµ ]2
≤c
∫
[γ>0]
‖f‖2|∇A|2dµ
∫
[γ>0]
‖f‖8|∇3A|2dµ
+ c
∫
[γ>0]
‖f‖8|∇3A|2dµ
∫
Σ
‖f‖4|∇2A|2γsdµ
+ c
∫
[γ>0]
‖f‖4|∇A|2dµ
∫
Σ
‖f‖8|∇4A|2γsdµ
+ cs2Λ2
∫
[γ>0]
‖f‖4|∇A|2dµ
∫
[γ>0]
‖f‖8|∇3A|2dµ
+ c
∫
[γ>0]
|A|2dµ
∫
Σ
‖f‖12|∇A|2|∇3A|2γsdµ,
i.e. by absorption, since
∫
[γ>0]
|A|2dµ ≤ ε2,∫
Σ
‖f‖12|∇A|2|∇3A|2γsdµ
≤c2
∫
Σ
‖f‖8|∇4A|2γsdµ
+ c2
∫
[γ>0]
‖f‖8|∇3A|2dµ (1 +
∫
Σ
|∇2A|2γsdµ). (9.10)
Now inserting (9.10) in (9.9) we derive∫
Σ
‖f‖12|∇2A|4γsdµ ≤c2
∫
Σ
‖f‖8|∇4A|2γsdµ
+ c2(1 + ‖ ‖f‖
4∇A‖4L∞µ ([γ>0]) +
∫
[γ>0]
‖f‖8|∇3A|2dµ)
(1 +
∫
Σ
|∇2A|2γsdµ). (9.11)
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Applying (9.11) to (9.8) we finally obtain using Young’s inequality∫
Σ
‖f‖8|A||∇2A|3γsdµ ≤ε
∫
Σ
‖f‖8|∇4A|2γsdµ
+c2(1 +‖ ‖f‖
4∇A‖4L∞µ ([γ>0]) +
∫
[γ>0]
‖f‖8|∇3A|2dµ)
(1 +
∫
Σ
|∇2A|2γsdµ)
+ c(ε, c2)
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ.
Hence (9.6) yields an estimate realizing the full structure of (9.1).
It remains to estimate∫
Σ
‖f‖8|∇A|2|∇2A|2γsdµ ≤c(1 + ‖ ‖f‖4∇A‖4L∞µ ([γ>0]))
∫
Σ
|∇2A|2γsdµ.
• k = 3, j = 3, i = 1
We start estimating∫
Σ
‖f‖7|A|2|∇2A||∇3A|γsdµ
≤c
∫
Σ
‖f‖6|∇3A|2γsdµ+ c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ.
Apply (9.4) and (9.6). Next we have∫
Σ
‖f‖7|A||∇A||∇2A|2γsdµ
≤c(1 + ‖ ‖f‖4∇A‖4L∞µ ([γ>0]))
∫
Σ
|∇2A|2γsdµ
+ c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ+ c
∫
Σ
‖f‖4|∇2A|2γsdµ.
Apply (9.6). Finally∫
Σ
‖f‖7|∇A|3|∇2A|γsdµ ≤c(1 + ‖ ‖f‖4∇A‖4L∞µ ([γ>0]))
∫
Σ
|∇2A|2γsdµ
+ c
∫
Σ
‖f‖6|∇A|4γsdµ,
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where we have by lemma 13.8∫
Σ
‖f‖6|∇A|4γsdµ =
∫
Σ
(‖f‖3|∇A|2γ
s
2 )2dµ
≤c[
∫
Σ
‖f‖2|∇A|2γ
s
2dµ+
∫
Σ
‖f‖3|∇A||∇2A|γ
s
2dµ
+ sΛ
∫
Σ
‖f‖3|∇A|2γ
s−2
2 dµ+
∫
Σ
‖f‖3|A||∇A|2γ
s
2dµ ]2
≤c2(1 +
∫
Σ
|∇2A|2γsdµ) + c
∫
[γ>0]
|A|2dµ
∫
Σ
‖f‖6|∇A|4γsdµ,
i.e. by absorption∫
Σ
‖f‖6|∇A|4γsdµ ≤ c2(1 +
∫
Σ
|∇2A|2γsdµ). (9.12)
• k = 3, j = 2, i = 2
By Young’s inequality we derive∫
Σ
(‖f‖6 + ‖f‖7|A|)|A|2|∇2A|2γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ+ c
∫
Σ
‖f‖4|∇2A|2γsdµ.
Apply (9.6). For the second and last term of this case likewise∫
Σ
(‖f‖6 + ‖f‖7|A|)|A||∇A|2|∇2A|γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ+ c
∫
Σ
‖f‖6|∇A|4γsdµ
+ c
∫
Σ
‖f‖4|∇2A|2γsdµ.
Apply (9.6) and (9.12).
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• k = 3, j = 1, i = 3
Estimating by Young’s inequality we have∫
Σ
(‖f‖5 + ‖f‖6|A|+ ‖f‖7|A|2 + ‖f‖7|∇A|)|A|2|∇A||∇2A|γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ+ c
∫
[γ>0]
‖f‖2|∇A|2dµ
+ c
∫
Σ
‖f‖4|A|2|∇A|2γsdµ+ c
∫
Σ
‖f‖6|A|4|∇A|2γsdµ
+ c
∫
Σ
‖f‖6|∇A|4γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ+ c
∫
[γ>0]
‖f‖2|∇A|2dµ
+ c
∫
[γ>0]
|A|2dµ+ c
∫
Σ
‖f‖4|A|6γsdµ+ c
∫
Σ
‖f‖6|A|8γsdµ
+ c
∫
Σ
‖f‖6|∇A|4γsdµ.
Apply (9.6), (9.7) and (9.12).
• k = 3, j = 0, i = 4∫
Σ
(‖f‖4 + ‖f‖5|A|+ ‖f‖6|A|2 + ‖f‖6|∇A|
+ ‖f‖7|A|3 + ‖f‖7|A||∇A|+ ‖f‖7|∇2A|)|A|3|∇2A|γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ+ c
∫
[γ>0]
|A|2dµ+ c
∫
Σ
‖f‖2|A|4γsdµ
+ c
∫
Σ
‖f‖4|A|6γsdµ+ c
∫
Σ
‖f‖6|A|8γsdµ+ c
∫
Σ
‖f‖4|A|2|∇A|2γsdµ
+ c
∫
Σ
‖f‖6|A|4|∇A|2γsdµ+ c
∫
Σ
‖f‖6|A|2|∇2A|2γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ+ c
∫
[γ>0]
|A|2dµ
+ c
∫
Σ
‖f‖4|A|6γsdµ+ c
∫
Σ
‖f‖6|A|8γsdµ+ c
∫
Σ
‖f‖6|∇A|4γsdµ
+ c
∫
Σ
‖f‖4|∇2A|2γsdµ.
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Apply (9.6), (9.7) and (9.12).
• k = 1, j = 5, i = 1
By integration by parts and Young’s inequality we estimate∫
Σ
∇‖f‖8∗∇5A ∗ ∇2Aγsdµ
≤c(n)
∫
Σ
(‖f‖6 + ‖f‖7|A|)|∇2A||∇4A|γsdµ
+ c(n)
∫
Σ
‖f‖7|∇3A||∇4A|γsdµ
+ c(n)sΛ
∫
Σ
‖f‖7|∇2A||∇4A|γs−1dµ
≤ε
∫
Σ
‖f‖8|∇4A|2γsdµ+ c(n, ε)
∫
Σ
‖f‖4|∇2A|2γsdµ
+ c(n, ε)
∫
Σ
‖f‖6|A|2|∇2A|2γsdµ+ c(n, ε)
∫
Σ
‖f‖6|∇3A|2γsdµ
+ c(n, ε)s2Λ2
∫
Σ
‖f‖6|∇2A|2γs−2dµ
≤ε
∫
Σ
‖f‖8|∇4A|2γsdµ+ c(n, ε)
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ
+ c(n, ε)
∫
Σ
‖f‖4|∇2A|2γsdµ+ c(n, ε, s,Λ)
∫
[γ>0]
‖f‖8|∇2A|2dµ
+ c(n, ε)
∫
Σ
‖f‖6|∇3A|2γsdµ.
Apply (9.6) and (9.4).
• k = 1, j = 4, i = 2
Clearly∫
Σ
(‖f‖6 + ‖f‖7|A|)|∇2A||∇4A|γsdµ
≤ε
∫
Σ
‖f‖8|∇4A|2γsdµ+ c(ε)
∫
Σ
‖f‖4|∇2A|2γsdµ
+ c(ε)
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ.
Apply (9.6).
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• k = 1, j = 3, i = 3
By Young’s inequality we have∫
Σ
(‖f‖5 + ‖f‖6|A|+ ‖f‖7|A|2 + ‖f‖7|∇A|)|∇2A||∇3A|γsdµ
≤c
∫
Σ
‖f‖6|∇3A|2γsdµ+ c
∫
Σ
‖f‖4|∇2A|2γsdµ
+ c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ
+ c(1 + ‖ ‖f‖4∇A‖4L∞µ ([γ>0]))
∫
Σ
|∇2A|2γsdµ.
Apply (9.4) and (9.6).
• k = 1, j = 2, i = 4
Finally∫
Σ
(‖f‖4 + ‖f‖5|A|+ ‖f‖6|A|2 + ‖f‖6|∇A|
+ ‖f‖7|A|3 + ‖f‖7|A||∇A|+ ‖f‖7|∇2A|)|∇2A|2γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ+ c
∫
Σ
‖f‖4|∇2A|2γsdµ
+ c‖ ‖f‖4∇A‖L∞µ ([γ>0])
∫
Σ
‖f‖2|∇2A|2γs + ‖f‖3|A||∇2A|2γsdµ
+ ε
∫
Σ
‖f‖12|∇2A|4γsdµ+ c(ε)
∫
Σ
‖f‖2|∇2A|2γsdµ
≤c
∫
Σ
‖f‖8|A|4|∇2A|2γsdµ+ c
∫
Σ
‖f‖4|∇2A|2γsdµ
+ c2(1 + ‖ ‖f‖
4∇A‖4L∞µ ([γ>0]))
∫
Σ
|∇2A|2γsdµ
+ ε
∫
Σ
‖f‖12|∇2A|4γsdµ+ c(ε)
∫
Σ
‖f‖2|∇2A|2γsdµ.
Apply (9.6) and (9.11).
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10 Further estimates
Proposition 10.1. For n,Λ, R, d, τ > 0, m ≥ 3 and s ≥ 2m+4 there exists
c3 = c3(n,m, s,Λ, R, d, τ) > 0,
such that, if f : Σ× [0, T )→ Rn \ {0}, 0 < T ≤ τ,
is an inverse Willmore flow, γ = γ˜ ◦ f as in (5.11) and
sup
0≤t<T
‖f‖L∞µ ([γ>0]) ≤ R,
sup
0≤t<T
‖A‖
W
m−3,∞
µ ([γ>0])
≤ d,∫ T
0
‖ ‖f‖4∇kA‖4L∞µ ([γ>0])dt ≤ d for k = m− 2, m− 1,
sup
0≤t<T
‖A‖Wm−1,2µ ([γ>0]) ≤ d and∫ T
0
∫
[γ>0]
‖f‖8|∇kA|2dµ dt ≤ d for k = m,m+ 1,
we have
sup
0≤t<T
∫
Σ
|∇mA|2γsdµ+
∫ T
0
∫
Σ
‖f‖8|∇m+2A|2γsdµ dt
≤c3(1 +
∫
Σ
|∇mA|2γsdµ⌊t=0).
Proof. For abbreviative reasons let cm = cm(n,m, s,Λ, R, d). We will show∑
(i,j,k)∈I(m), j<m+4
∫
Σ
∇i‖f‖8 ∗ P jk (A) ∗ ∇
mAγsdµ
≤
∫
Σ
‖f‖8
16
|∇m+2A|2γsdµ
+ cm(1 +
∫
[γ>0]
‖f‖8|∇mA|2dµ+
∫
[γ>0]
‖f‖8|∇m+1A|2dµ
+ ‖ ‖f‖4∇m−2A‖4L∞µ ([γ>0]) + ‖ ‖f‖
4∇m−1A‖4L∞µ ([γ>0]))
(1 +
∫
Σ
|∇mA|2γsdµ). (10.1)
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Applying this inequality and proposition 6.1 with ε = 1
8c
to proposition 5.3
prove the claim using Gronwall’s inequality, cf. lemma 13.1.
To show (10.1) we give adequate estimates for each term of the sum, but due
to the Wm−3,∞-bounds we only have to examine the cases
m− 2 ≤ j < m+ 4 or m ≤ i ≤ m+ 2.
• k = 5, j = m, i = 0
We only have to estimate the following four terms, since
sup
0≤t<T
‖A‖Wm−3,∞µ ([γ>0]) ≤ d
by assumption. First∫
Σ
‖f‖8|A|4|∇mA|2γsdµ ≤‖f‖8L∞µ ([γ>0])‖A‖
4
L∞µ ([γ>0])
∫
Σ
|∇mA|2γsdµ
≤cm
∫
Σ
|∇mA|2γsdµ.
Next ∫
Σ
‖f‖8|A|3|∇A||∇m−1A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ
+ c‖f‖8L∞µ ([γ>0])‖A‖
6
L∞µ ([γ>0])
(1 + ‖ ‖f‖4∇A‖4L∞µ ([γ>0]))∫
[γ>0]
|∇m−1A|2dµ
≤cm + cm‖ ‖f‖
4∇A‖4L∞µ ([γ>0]) + c
∫
Σ
|∇mA|2γsdµ
and analogously∫
Σ
‖f‖8|A|3|∇2A||∇m−2A||∇mA|γsdµ
≤cm + cm‖ ‖f‖
4∇2A‖4L∞µ ([γ>0]) + c
∫
Σ
|∇mA|2γsdµ.
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Finally∫
Σ
‖f‖8|A|2|∇A|2|∇m−2A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ
+ c‖A‖4L∞µ ([γ>0])‖ ‖f‖
4∇A‖4L∞µ ([γ>0])
∫
[γ>0]
|∇m−2A|2dµ
≤cm‖ ‖f‖
4∇A‖4L∞µ ([γ>0]) + c
∫
Σ
|∇mA|2γsdµ.
• k = 5, j = m− 1, i = 1
Clearly we have∫
Σ
‖f‖7|A|4|∇m−1A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ+ c‖f‖14L∞µ ([γ>0])‖A‖
8
L∞µ ([γ>0])
∫
[γ>0]
|∇m−1A|2dµ
≤cm + c
∫
Σ
|∇mA|γsdµ.
The second term to be considered is estimated via∫
Σ
‖f‖7|A|3|∇A||∇m−2A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ
+ c‖f‖6L∞µ ([γ>0])‖A‖
6
L∞µ ([γ>0])
(1 + ‖ ‖f‖4∇A‖4L∞µ ([γ>0]))∫
[γ>0]
|∇m−2A|2dµ
≤cm + cm‖ ‖f‖
4∇A‖4L∞µ ([γ>0]) + c
∫
Σ
|∇mA|γsdµ.
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• k = 5, j = m− 2, i = 2
Clearly∫
Σ
(‖f‖6+‖f‖7|A|)|A|4|∇m−2A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ
+ c(1 + ‖f‖14L∞µ ([γ>0]))(1 + ‖A‖
10
L∞µ ([γ>0])
)
∫
[γ>0]
|∇m−2A|2dµ
≤cm + c
∫
Σ
|∇mA|2γsdµ.
• k = 5, j = 0, i = m
Note, that it suffices to estimate, cf. corollary 13.4,∫
Σ
‖f‖7|∇m−2A||A|5|∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ+ c‖f‖14L∞µ ([γ>0])‖A‖
10
L∞µ ([γ>0])
∫
[γ>0]
|∇m−2A|2dµ
≤c
∫
Σ
|∇mA|2γsdµ+ cm.
• k = 3, j = m+ 2, i = 0
In this case the following five terms have to be considered.∫
Σ
‖f‖8|A|2|∇m+2A||∇mA|γsdµ
≤ε
∫
Σ
‖f‖8|∇m+2A|2γsdµ
+ c(ε)‖f‖8L∞µ ([γ>0])‖A‖
4
L∞µ ([γ>0])
∫
Σ
|∇mA|2γsdµ.
∫
Σ
‖f‖8|A||∇A||∇m+1A||∇mA|γsdµ
≤c
∫
[γ>0]
‖f‖8|∇m+1A|2dµ
+ c‖A‖2L∞µ ([γ>0])(1 + ‖ ‖f‖
4∇A‖4L∞µ ([γ>0]))
∫
Σ
|∇mA|2γsdµ.
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∫
Σ
‖f‖8(|A||∇2A|+ |∇A|2)|∇mA|2γsdµ
≤c(1 + ‖f‖4L∞µ ([γ>0]))(1 + ‖A‖L∞µ ([γ>0]))
(1 + ‖ ‖f‖4∇A‖4L∞µ ([γ>0]) + ‖ ‖f‖
4∇2A‖4L∞µ ([γ>0]))
∫
Σ
|∇mA|2γsdµ.
∫
Σ
‖f‖8(|A||∇3A|+ |∇A||∇2A|)|∇m−1A||∇mA|γsdµ
≤c‖f‖4L∞µ ([γ>0])‖A‖L∞µ ([γ>0])(‖ ‖f‖
4∇m−1A‖4L∞µ ([γ>0]))
(
∫
Σ
|∇3A|2γsdµ+
∫
Σ
|∇mA|2γsdµ)
+ c(1 + ‖ ‖f‖4∇A‖4L∞µ ([γ>0]) + ‖ ‖f‖
4∇2A‖4L∞µ ([γ>0]))
(
∫
[γ>0]
|∇m−1A|2dµ+
∫
Σ
|∇mA|2γsdµ).
∫
Σ
‖f‖8(|A||∇4A|+ |∇A||∇3A|+ |∇2A|2)|∇m−2A||∇mA|γsdµ
≤c(1 + ‖ ‖f‖4∇m−2A‖4L∞µ ([γ>0]))
∫
Σ
|∇mA|2γsdµ
+ c‖A‖2L∞µ ([γ>0])
∫
[γ>0]
‖f‖8|∇4A|2dµ
+ c(1 + ‖ ‖f‖4∇A‖4L∞µ ([γ>0]))
∫
Σ
|∇3A|2γsdµ
+ c(1 + ‖ ‖f‖4∇2A‖4L∞µ ([γ>0]))
∫
[γ>0]
|∇2A|2dµ.
These estimates suffice to establish (10.1), since m ≥ 3.
• k = 3, j = m+ 1, i = 1
For the first three terms we easily derive∫
Σ
‖f‖7|A|2|∇m+1A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ+ c‖f‖6L∞µ ([γ>0])‖A‖
4
L∞µ ([γ>0])
∫
[γ>0]
‖f‖8|∇m+1A|2dµ.
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∫
Σ
‖f‖7|A||∇A||∇mA|2γsdµ
≤c‖f‖3L∞µ ([γ>0])‖A‖L∞µ ([γ>0])(1 + ‖ ‖f‖
4∇A‖4L∞µ ([γ>0]))
∫
Σ
|∇mA|2γsdµ.
∫
Σ
‖f‖7|A||∇2A||∇m−1A||∇mA|γsdµ
≤c(1 + ‖ ‖f‖4∇m−1A‖4L∞µ ([γ>0]))
∫
Σ
|∇mA|2γsdµ
+ c‖f‖6L∞µ ([γ>0])‖A‖
2
L∞µ ([γ>0])
∫
[γ>0]
|∇2A|2dµ.
For the fourth term we use Young’s inequality to obtain∫
Σ
‖f‖7|∇A|2|∇m−1A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ+ c‖ ‖f‖4∇A‖2L∞µ ([γ>0])
∫
Σ
‖f‖6|∇A|2|∇m−1A|2γsdµ.
To estimate the second summand above we use integration by parts to derive∫
Σ
‖f‖6|∇A|2|∇m−1A|2γsdµ
≤c
∫
Σ
‖f‖5|A||∇A||∇m−1A|2γsdµ+ c
∫
Σ
‖f‖6|A||∇2A||∇m−1A|2γsdµ
+ c
∫
Σ
‖f‖6|A||∇A||∇m−1A||∇mA|γsdµ
+ csΛ
∫
Σ
‖f‖6|A||∇A||∇m−1A|2γs−1dµ
≤ε
∫
Σ
‖f‖6|∇A|2|∇m−1A|2γsdµ+ c(ε)
∫
[γ>0]
‖f‖4|A|2|∇m−1A|2dµ
+ c
∫
[γ>0]
‖f‖8|∇2A|2|∇m−1A|2dµ+ c(ε)
∫
Σ
‖f‖6|A|2|∇mA|2γsdµ
+ c(ε)s2Λ2
∫
[γ>0]
‖f‖6|A|2|∇m−1A|2dµ,
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i.e. by absorption and m ≥ 3∫
Σ
‖f‖6|∇A|2|∇m−1A|2γsdµ
≤cm + cm‖ ‖f‖
4∇m−1A‖2L∞µ ([γ>0]) + cm
∫
Σ
|∇mA|2γsdµ.
Inserting proves a correct estimate.
For the fifth term to be considered we clearly have∫
Σ
‖f‖7|A||∇3A||∇m−2A||∇mA|γsdµ
≤cm(1 + ‖ ‖f‖
4∇m−2A‖4L∞µ ([γ>0]))
∫
Σ
|∇mA|2γsdµ+ c
∫
Σ
|∇3A|2γsdµ.
For the sixth and last one we estimate∫
Σ
‖f‖7|∇A||∇2A||∇m−2A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ+ c‖ ‖f‖4∇2A‖2L∞µ ([γ>0])
∫
Σ
‖f‖6|∇A|2|∇m−2A|2γsdµ.
As above with m− 2 instead of m− 1 we obtain by integration by parts∫
Σ
‖f‖6|∇A|2|∇m−2A|2γsdµ
≤cm + cm‖ ‖f‖
4∇m−2A‖2L∞µ ([γ>0]) + cm
∫
[γ>0]
|∇m−1A|2dµ.
Inserting yields the required result.
• k = 3, j = m, i = 2
Clearly ∫
Σ
(‖f‖6 + ‖f‖7|A|)|A|2|∇mA|2γsdµ ≤ cm
∫
Σ
|∇mA|2γsdµ.
Next∫
Σ
(‖f‖6 + ‖f‖7|A|)|A||∇A||∇m−1A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ+ cm(1 + ‖ ‖f‖
4∇m−1A‖4L∞µ ([γ>0]))
∫
[γ>0]
|∇A|2dµ.
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Likewise∫
Σ
(‖f‖6 + ‖f‖7|A|)|A||∇2A||∇m−2A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ+ cm(1 + ‖ ‖f‖
4∇m−2A‖4L∞µ ([γ>0]))
∫
[γ>0]
|∇2A|2dµ.
Finally we have∫
Σ
(‖f‖6 + ‖f‖7|A|)|∇A|2|∇m−2A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ+ cm(1 + ‖‖f‖
4∇m−2A‖4L∞µ ([γ>0]))
∫
Σ
|∇A|4γsdµ
and by integration by parts∫
Σ
|∇A|4γsdµ ≤c
∫
Σ
|A||∇A|2|∇2A|γsdµ+ csΛ
∫
Σ
|A||∇A|3γs−1dµ
≤ε
∫
Σ
|∇A|4γsdµ+ c(ε, cm),
i.e. by absorption
sup
0≤t<T
∫
Σ
|∇A|4γsdµ ≤ cm. (10.2)
• k = 3, j = m− 1, i = 3∫
Σ
(‖f‖5 + ‖f‖6|A|+ ‖f‖7|A|2 + ‖f‖7|∇A|)|A|2|∇m−1A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ+ cm(1 + ‖ ‖f‖
4∇A‖4L∞µ ([γ>0]))
∫
[γ>0]
|∇m−1A|2dµ,
and by (10.2)∫
Σ
(‖f‖5 + ‖f‖6|A|+ ‖f‖7|A|2 + ‖f‖7|∇A|)|A||∇A||∇m−2A|∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ
+ cm(1 + ‖ ‖f‖
4∇m−2A‖4L∞µ ([γ>0]))(
∫
[γ>0]
|∇A|2dµ+
∫
Σ
|∇A|4γsdµ)
≤c
∫
Σ
|∇mA|2γsdµ
+ cm(1 + ‖ ‖f‖
4∇m−2A‖4L∞µ ([γ>0])),
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• k = 3, j = m− 2, i = 4
Clearly∫
Σ
(‖f‖4 + ‖f‖5|A|+ ‖f‖6|A|2 + ‖f‖6|∇A|
+ ‖f‖7|A|3 + ‖f‖7|A||∇A|+ ‖f‖7|∇2A|)|A|2|∇m−2A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ+ cm(1 + ‖ ‖f‖
4∇m−2A‖4L∞µ ([γ>0])).
• k = 3, j = 0, i = m+ 2
It suffices to estimate∫
Σ
( ‖f‖7|∇mA|+ ‖f‖7|A||∇m−1A|+ ‖f‖7[ |∇A|+ |A|2 ]|∇m−2A|
+ ‖f‖6|∇m−1A|+ ‖f‖6|A||∇m−2A|
+ ‖f‖5|∇m−2A| ) |A|3|∇mA|γsdµ
≤cm + cm(1 + ‖ ‖f‖
4∇A‖4L∞µ ([γ>0]))
∫
Σ
|∇mA|2γsdµ.
• k = 3, j = 1, i = m+ 1
Similarly∫
Σ
(‖f‖7|∇m−1A|+ ‖f‖7|A||∇m−2A|+ ‖f‖6|∇m−2A|)|A|2|∇A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ
+ cm(1 + ‖ ‖f‖
4∇m−2A‖4L∞µ ([γ>0]) + ‖ ‖f‖
4∇m−1A‖4L∞µ ([γ>0])).
• k = 3, j = 2, i = m
By Young’s inequality and (10.2) we derive∫
Σ
‖f‖7|∇m−2A|(|A|2|∇2A|+ |A||∇A|2)|∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ
+ cm(1 + ‖ ‖f‖
4∇m−2A‖4L∞µ ([γ>0]))(
∫
[γ>0]
|∇2A|2dµ+
∫
Σ
|∇A|4γsdµ.)
≤c
∫
Σ
|∇mA|2γsdµ+ cm(1 + ‖ ‖f‖
4∇m−2A‖4L∞µ ([γ>0])).
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• k = 1, j = m+ 3, i = 1
First we have by integration by parts∫
Σ
∇‖f‖8 ∗ ∇m+3A ∗ ∇mAγsdµ
≤c(n)
∫
Σ
(‖f‖6 + ‖f‖7|A|)|∇m+2A||∇mA|γsdµ
+ c(n)
∫
Σ
‖f‖7|∇m+2A||∇m+1A|γsdµ
+ c(n)sΛ
∫
Σ
‖f‖7|∇m+2A||∇mA|γs−1dµ
≤ε
∫
Σ
‖f‖8|∇m+2A|2γsdµ+ c(ε, cm)
∫
Σ
|∇mA|2γsdµ
+ c(n, ε)
∫
Σ
‖f‖6|∇m+1A|2γsdµ+ c(ε, cm)
∫
[γ>0]
‖f‖8|∇mA|2dµ.
Corollary 13.11 shows∫
Σ
‖f‖6|∇m+1A|2γsdµ ≤ ε
∫
Σ
‖f‖8|∇m+2A|2γsdµ+ c(ε)
∫
Σ
‖f‖4|∇mA|2γsdµ
+ c(ε)s2Λ2
∫
Σ
‖f‖6|∇mA|2γs−2dµ
≤ε
∫
Σ
‖f‖8|∇m+2A|2γsdµ+ c(ε, cm)
∫
Σ
|∇mA|2γsdµ
+ c(ε, cm)
∫
[γ>0]
‖f‖8|∇mA|2dµ. (10.3)
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Inserting we conclude∫
Σ
∇‖f‖8 ∗ ∇m+3A ∗ ∇mAγsdµ
≤ε
∫
Σ
‖f‖8|∇m+2A|γsdµ+ c(ε, cm)
∫
Σ
|∇mA|2γsdµ
+ c(ε, cm)
∫
[γ>0]
‖f‖8|∇mA|2dµ,
which is the required result.
• k = 1, j = m+ 2, i = 2
We simply have∫
Σ
(‖f‖6 + ‖f‖7|A|)|∇m+2A||∇mA|γsdµ
≤ε
∫
Σ
‖f‖8|∇m+2A|γsdµ+ c(ε, cm)
∫
Σ
|∇mA|2γsdµ.
• k = 1, j = m+ 1, i = 3
Apply (10.3) to∫
Σ
(‖f‖5 + ‖f‖6|A|+ ‖f‖7|A|2 + ‖f‖7|∇A|)|∇m+1A||∇mA|γsdµ
≤c
∫
Σ
‖f‖6|∇m+1A|2γsdµ
+ cm(1 + ‖ ‖f‖
4∇A‖4L∞µ ([γ>0]))
∫
Σ
|∇mA|2γsdµ.
• k = 1, j = m, i = 4
Clearly∫
Σ
(‖f‖4 + ‖f‖5|A|+ ‖f‖6|A|2 + ‖f‖6|∇A|
+ ‖f‖7|A|3 + ‖f‖7|A||∇A|+ ‖f‖7|∇2A|)|∇mA|2γsdµ
≤cm(1 + ‖ ‖f‖
4∇A‖4L∞µ ([γ>0]) + ‖ ‖f‖
4∇2A‖4L∞µ ([γ>0]))
∫
Σ
|∇mA|2γsdµ.
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• k = 1, j = m− 1, i = 5
Since m ≥ 3 and by (10.2) we have∫
Σ
(‖f‖3 + ‖f‖4|A|+ ‖f‖5|A|2 + ‖f‖5|∇A|
+ ‖f‖6|A|3 + ‖f‖6|A||∇A|+ ‖f‖6|∇2A|
+ ‖f‖7|A|4 + ‖f‖7|A|2|∇A|+ ‖f‖7|∇A|2
+ ‖f‖7|A||∇2A|+ ‖f‖7|∇3A|)|∇m−1A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ+ cm
∫
[γ>0]
|∇m−1A|2dµ
+ cm(1 + ‖ ‖f‖
4∇m−1A‖4L∞µ ([γ>0]))
(
∫
[γ>0]
|∇A|2dµ+
∫
[γ>0]
|∇2A|2dµ
+
∫
Σ
|∇A|4γsdµ+
∫
Σ
|∇3A|2γsdµ)
≤cm(1 + ‖ ‖f‖
4∇m−1A‖4L∞µ ([γ>0]))(1 +
∫
Σ
|∇mA|2γsdµ).
• k = 1, j = m− 2, i = 6
Recalling i ≤ m+ 2 from (4.6) we may assume m ≥ 4 for this case. Hence∫
Σ
(‖f‖2 + ‖f‖3|A|+ ‖f‖4|A|2 + ‖f‖4|∇A|
+ ‖f‖5|A|3 + ‖f‖5|A||∇A|+ ‖f‖5|∇2A|
+ ‖f‖6|A|4 + ‖f‖6|A|2|∇A|+ ‖f‖6|∇A|2
+ ‖f‖6|A||∇2A|+ ‖f‖6|∇3A|
+ ‖f‖7|A|5 + ‖f‖7|A|3|∇A|+ ‖f‖7|A||∇A|2 + ‖f‖7|A|2|∇2A|
+ ‖f‖7|∇A||∇2A|+ ‖f‖7|A||∇3A|+ ‖f‖7|∇4A| ) |∇m−2A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ+ cm
∫
[γ>0]
|∇m−2A|2γsdµ
+ cm(1 + ‖ ‖f‖
4∇m−2A‖4L∞µ ([γ>0]))
(
∫
[γ>0]
|∇2A|2dµ+
∫
[γ>0]
|∇3A|2dµ+
∫
Σ
|∇4A|2γsdµ)
≤cm(1 + ‖ ‖f‖
4∇m−2A‖4L∞µ ([γ>0]))(1 +
∫
Σ
|∇mA|2γsdµ),
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where sup0≤t<T ‖∇A‖L∞µ ([γ>0]) , sup0≤t<T
∫
[γ>0]
|∇3A|2dµ ≤ d was used.
• k = 1, j = 2, i = m+ 2
Here we simply estimate by Young’s inequality∫
Σ
(‖f‖7|∇mA|+ ‖f‖7|A||∇m−1A|+ ‖f‖7(|A|2 + |∇A|)|∇m−2A|
+ ‖f‖6|∇m−1A|+ ‖f‖6|A||∇m−2A|+ ‖f‖5|∇m−2A| )|∇2A||∇mA|γsdµ
≤c
∫
Σ
‖f‖6|∇A|2|∇m−2A|2γsdµ
+ cm + cm(1 + ‖ ‖f‖
4∇2A‖4L∞µ ([γ>0]))
∫
Σ
|∇mA|2γsdµ.
If m = 3, apply (10.2). If m ≥ 4, then
∫
Σ
‖f‖6|∇A|2|∇m−2A|2γsdµ ≤ cm,
since sup0≤t<T ‖∇A‖L∞µ ([γ>0]) ≤ d by assumption.
• k = 1, j = 3, i = m+ 1
Similarly∫
Σ
(‖f‖7|∇m−1A|+ ‖f‖7|A||∇m−2A|+ ‖f‖6|∇m−2A|)|∇3A||∇mA|γsdµ
≤c
∫
Σ
|∇mA|2γsdµ
+ cm(1 + ‖ ‖f‖
4∇m−2A‖4L∞µ ([γ>0]) + ‖ ‖f‖
4∇m−1A‖4L∞µ ([γ>0]))∫
Σ
|∇3A|2γsdµ.
Recall m ≥ 3.
• k = 1, j = 4, i = m
Finally, and this time really finally,∫
Σ
‖f‖7|∇m−2A||∇4A||∇mA|γsdµ
≤c
∫
Σ
‖f‖6|∇4A|2γsdµ+ c(1 + ‖ ‖f‖4∇m−2A‖4L∞µ ([γ>0]))
∫
Σ
|∇mA|2γsdµ.
If m ≥ 4, we have
∫
Σ
‖f‖6|∇4A|2γsdµ ≤ cm + cm
∫
Σ
|∇mA|2γsdµ.
If m = 3, then 4 = m+ 1 and (10.3) yields a correct result.
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11 Interpolation inequalities
We come to prove some interpolation inequalities, which will enable us to
join the previous four sections to an induction.
Lemma 11.1. For k ∈ {0,R≥2}, s ≥ 4 and Λ > 0 there exists
c = c(s, k,Λ) > 0,
such that, if f : Σ→ Rn is a closed, immersed surface,
Φ a normal valued l-linear form along f and γ as in (5.11), we have
‖ ‖f‖kΦ‖4L∞µ ([γ=1])
≤c
∫
[γ>0]
‖f‖2k|Φ|2dµ (
∫
Σ
‖f‖2k|∇2Φ|2γsdµ+
∫
Σ
‖f‖2k|A|4|Φ|2γsdµ
+
∫
[γ>0]
[ ‖f‖2k + k ‖f‖2k−4 ]|Φ|2dµ ). (11.1)
Proof. We define Ψ := ‖f‖k|Φ|γ
s
2 .
Applying lemma 13.9 with m = 2, p = 4, α = 2
3
we obtain
‖Ψ‖L∞µ (Σ) ≤c‖Ψ‖
1
3
L2µ(Σ)
(‖∇Ψ‖L4µ(Σ) + ‖HΨ‖L4µ(Σ))
2
3
≤c‖Ψ‖
1
3
L2µ(Σ)
(‖Ψ‖
1
3
L∞µ (Σ)
‖∇2Ψ‖
1
3
L2µ(Σ)
+ ‖HΨ‖
2
3
L4µ(Σ)
),
where proposition 13.10 for
γ = 1 ∈ C∞0 (Σ), k = u1 = u2 = v1 = v2 = Λ = 0 and r = 2, p→∞
was used in the last step.
Since ‖HΨ‖
2
3
L4µ(Σ)
≤ ‖Ψ‖
1
3
L∞µ (Σ)
‖ |Ψ|
1
2 |H| ‖
2
3
L4µ(Σ)
we conclude
‖Ψ‖4L∞µ (Σ) ≤ c‖Ψ‖
2
L2µ(Σ)
( ‖∇2Ψ‖2L2µ(Σ) + ‖ |Ψ|
2|H|4‖L1µ(Σ) ).
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Recalling (5.11) we have for k ≥ 2 and c = c(s, k,Λ) > 0
‖∇2Ψ‖2L2µ(Σ) =
∫
Σ
|∇2(‖f‖kΦγ
s
2 )|2dµ
≤c
∫
[γ>0]
| (‖f‖k−2 + ‖f‖k−1|A|)|Φ|γ
s
2 + ‖f‖k−1|∇Φ|γ
s
2
+ ‖f‖k−1|Φ|γ
s−2
2 + ‖f‖k|∇2Φ|γ
s
2
+ ‖f‖k|∇Φ|γ
s−2
2 + ‖f‖k|Φ|(1 + |A|γ)γ
s−4
2 |2dµ
≤c
∫
Σ
‖f‖2k|∇2Φ|2γsdµ+ c
∫
Σ
(‖f‖2k−2γs + ‖f‖2kγs−2)|∇Φ|2dµ
+ c
∫
[γ>0]
[ ‖f‖2k−4γs + ‖f‖2k−2γs|A|2
+ ‖f‖2k−2γs−2 + ‖f‖2kγs−4 + ‖f‖2kγs−2|A|2 ]|Φ|2dµ.
By integration by parts∫
Σ
[ ‖f‖2k−2γs + ‖f‖2kγs−2 ]|∇Φ|2dµ
≤c(s, k,Λ)
∫
Σ
[ ‖f‖2k−3γs + ‖f‖2k−2γs−1
+ ‖f‖2k−1γs−2 + ‖f‖2kγs−3 ]|Φ||∇Φ|dµ
+ c
∫
Σ
[ ‖f‖2k−2γs + ‖f‖2kγs−2 ]|Φ||∇2Φ|dµ
≤ε
∫
Σ
[ ‖f‖2k−2γs + ‖f‖2kγs−2 ]|∇Φ|2dµ+
∫
Σ
‖f‖2k|∇2Φ|2γsdµ
+ c(ε, k, s,Λ)
∫
[γ>0]
[ ‖f‖2k−4γs + ‖f‖2kγs−4 ]|Φ|2dµ.
Absorbing and plugging in we derive for c = c(s, k,Λ) > 0
‖∇2Ψ‖2L2µ(Σ) ≤c
∫
Σ
‖f‖2k|∇2Φ|2γsdµ+ c
∫
[γ>0]
[ ‖f‖2k + ‖f‖2k−4γ4]|Φ|2γs−4dµ
+ c
∫
Σ
[ ‖f‖2kγs−2 + ‖f‖2k−2γs ]|A|2|Φ|2dµ.
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Collecting terms we conclude
‖ ‖f‖kΦ‖4L∞µ ([γ=1]) ≤‖Ψ‖
4
L∞µ (Σ)
≤c‖ ‖f‖kΦγ
s
2‖2L2µ(Σ)
(
∫
Σ
‖f‖2k|∇2Φ|2γsdµ
+
∫
[γ>0]
[ ‖f‖2k + ‖f‖2k−4γ4 ]|Φ|2γs−4dµ
+
∫
Σ
[ ‖f‖2kγs−2 + ‖f‖2k−2γs ]|A|2|Φ|2dµ
+
∫
Σ
‖f‖2kγs|H|4|Φ|2dµ )
≤c
∫
[γ>0]
‖f‖2k|Φ|2dµ (
∫
Σ
‖f‖2k|∇2Φ|2γsdµ
+
∫
[γ>0]
[ ‖f‖2k + ‖f‖2k−4 ]|Φ|2dµ
+
∫
Σ
‖f‖2k|A|4|Φ|2γsdµ ).
The case k = 0 follows analogously.
Proposition 11.2. For n,m,Λ, R, d > 0 and s ≥ 4 there exist
ε3, c3 = c3(m, s,Λ, R, d) > 0
such that, if f : Σ→ Rn is a closed immersed surface, γ as in (5.11) and∫
[γ>0]
|A|2dµ ≤ ε3,
‖f‖L∞µ ([γ>0]) ≤ R,
‖A‖Wm,2µ ([γ>0]) ≤ d,
we have for k = 0, 4
‖ ‖f‖k∇mA‖4L∞µ ([γ=1]) ≤ c3(1 +
∫
Σ
‖f‖2k|∇m+2A|2γsdµ).
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Proof. Considering lemma 11.1 with Φ = ∇mA it suffices to estimate∫
Σ
‖f‖2k|A|4|∇mA|2γsdµ ≤ c3(1 +
∫
Σ
‖f‖2k|∇m+2A|2γsdµ).
For m = k = 0 we have by lemma 13.8∫
Σ
|A|6γsdµ =
∫
Σ
(|A|3γ
s
2 )2dµ
≤c[
∫
Σ
|A|2|∇A|γ
s
2dµ+ sΛ
∫
Σ
|A|3γ
s−2
2 dµ+
∫
|A|4γ
s
2dµ]2
≤c
∫
[γ>0]
|A|2dµ[
∫
Σ
|A|2|∇A|2γsdµ+ s2Λ2
∫
Σ
|A|4γs−2dµ+
∫
Σ
|A|6γsdµ]
≤c
∫
Σ
|A|2|∇A|2γsdµ+ c(ε, c3) + c(
∫
[γ>0]
|A|2dµ+ ε)
∫
Σ
|A|6γsdµ.
Absorbing yields ∫
Σ
|A|6γsdµ ≤ c
∫
Σ
|A|2|∇A|2γsdµ+ c3
Since s ≥ 4, i.e. s
2
≤ s− 2, we have∫
Σ
|A|2|∇A|2γsdµ =
∫
Σ
(|A||∇A|γ
s
2 )2dµ
≤c[
∫
Σ
|∇A|2γ
s
2dµ+
∫
Σ
|A||∇2A|γ
s
2dµ
+ sΛ
∫
Σ
|A||∇A|γ
s−2
2 dµ+
∫
Σ
|A|2|∇A|γ
s
2dµ]2
≤c
∫
Σ
|∇2A|2γsdµ+ c3 + c(
∫
Σ
|∇A|2γ
s
2dµ)2
+ c
∫
[γ>0]
|A|2dµ
∫
Σ
|A|2|∇A|2γsdµ.
Therefore by absorption∫
Σ
|A|2|∇A|2γsdµ ≤c
∫
Σ
|∇2A|2γsdµ+ c3 + c(
∫
Σ
|∇A|2γ
s
2dµ)2
≤c
∫
Σ
|∇2A|2γsdµ+ c3,
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where we used
(
∫
Σ
|∇A|2γ
s
2dµ)2 ≤(c
∫
Σ
|A||∇2A|γ
s
2dµ+ csΛ
∫
Σ
|A||∇A|γ
s−2
2 dµ)2
≤c
∫
Σ
|∇2A|2γsdµ+ c3
∫
Σ
|∇A|2γs−2dµ
≤c
∫
Σ
|∇2A|2γsdµ+ ε(
∫
Σ
|∇A|2γ
s
2dµ)2 + c(ε, c3)
by integration by parts, Ho¨lder’s inequality and s
2
≤ s− 2.
We conclude for
∫
[γ>0]
|A|2dµ ≤ ε3 sufficiently small∫
Σ
|A|6γs ≤c3(1 +
∫
Σ
|∇2A|2γsdµ).
For m = 0, k = 4 we refer to (7.4).
For arbitrary m ≥ 1 and k = 4 we estimate∫
Σ
‖f‖8|A|4|∇mA|2γsdµ =
∫
Σ
(‖f‖4|A|2|∇mA|γ
s
2 )2dµ
≤c[
∫
Σ
‖f‖3|A|2|∇mA|γ
s
2dµ+
∫
Σ
‖f‖4|A||∇A||∇mA|γ
s
2dµ
+
∫
Σ
‖f‖4|A|2|∇m+1A|γ
s
2dµ+ sΛ
∫
Σ
‖f‖4|A|2|∇mA|γ
s−2
2 dµ
+
∫
Σ
‖f‖4|A|3|∇mA|γ
s
2dµ]2
≤c
∫
[γ>0]
|A|2dµ
∫
Σ
‖f‖8|A|2|∇m+1A|2γsdµ
+ c(
∫
[γ>0]
|A|2dµ+ ε)
∫
Σ
‖f‖8|A|4|∇mA|2γsdµ
+ c(ε, c3)((
∫
[γ>0]
|A|2dµ)2 + (
∫
[γ>0]
|∇A|2dµ)2)∫
[γ>0]
[‖f‖8 + ‖f‖4γ4]|∇mA|2γs−4dµ,
i.e. by absorption∫
Σ
‖f‖8|A|4|∇mA|2γsdµ ≤ c
∫
Σ
‖f‖8|A|2|∇m+1A|2γsdµ+ c3.
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Since we have∫
Σ
‖f‖8|A|2|∇m+1A|2γsdµ =
∫
Σ
(‖f‖4|A||∇m+1A|γ
s
2 )2dµ
≤c[
∫
Σ
‖f‖3|A||∇m+1A|γ
s
2dµ+
∫
Σ
‖f‖4|∇A||∇m+1A|γ
s
2dµ
+
∫
Σ
‖f‖4|A||∇m+2A|γ
s
2dµ+ sΛ
∫
Σ
‖f‖4|A||∇m+1A|γ
s−2
2 dµ
+
∫
Σ
‖f‖4|A|2|∇m+1A|γ
s
2dµ]2
≤c
∫
[γ>0]
|A|2dµ
∫
Σ
‖f‖8|∇m+2A|2γsdµ
+ c
∫
[γ>0]
|A|2dµ
∫
Σ
‖f‖8|A|2|∇m+1A|2γsdµ
+ c3(
∫
[γ>0]
|A|2dµ+
∫
[γ>0]
|∇A|2dµ)
(
∫
Σ
‖f‖8|∇m+1A|2γs−2dµ+
∫
Σ
‖f‖6|∇m+1A|2γsdµ)
and by corollary 13.11 for p = 2, u = 0, v = 1 and p = 2, u = 1, v = 0∫
Σ
‖f‖8|∇m+1A|2γs−2dµ+
∫
Σ
‖f‖6|∇m+1A|2γsdµ
≤ε
∫
Σ
‖f‖8|∇m+2A|2γsdµ
+ c(ε, s,Λ)
∫
[γ>0]
[‖f‖8γs−4 + ‖f‖4γs]|∇mA|2dµ,
we conclude by absorption∫
Σ
‖f‖8|A|2|∇m+1A|2γsdµ ≤ c
∫
Σ
‖f‖8|∇m+2A|2γsdµ+ c3.
Consequently for
∫
[γ>0]
|A|2dµ ≤ ε3 sufficiently small∫
Σ
‖f‖8|A|4|∇mA|2γsdµ ≤ c3(1 +
∫
Σ
‖f‖8|∇m+2A|γsdµ).
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For arbitrary m ≥ 1 and k = 0 we have∫
Σ
|A|4|∇mA|2γsdµ =
∫
Σ
(|A|2|∇mA|γ
s
2 )2dµ
≤c[
∫
Σ
|A||∇A||∇mA|γ
s
2dµ+
∫
Σ
|A|2|∇m+1A|γ
s
2dµ
+ sΛ
∫
Σ
|A|2|∇mA|γ
s−2
2 dµ+
∫
Σ
|A|3|∇mA|γ
s
2dµ]2
≤c
∫
[γ>0]
|A|2dµ
∫
Σ
|A|2|∇m+1A|2γsdµ
+ c(
∫
[γ>0]
|A|2dµ+ ε)
∫
Σ
|A|4|∇mA|2γsdµ
+ c(ε, c3)((
∫
[γ>0]
|A|2dµ)2 + (
∫
[γ>0]
|∇A|2dµ)2)
∫
[γ>0]
|∇mA|2dµ,
i.e. by absorption
∫
Σ
|A|4|∇mA|2γsdµ ≤ c
∫
Σ
|A|2|∇m+1A|2γsdµ+ c3. Since∫
Σ
|A|2|∇m+1A|2γsdµ =
∫
Σ
(|A||∇m+1A|γ
s
2 )2dµ
≤c
∫
[γ>0]
|A|2dµ
∫
Σ
|∇m+2A|2γsdµ+ c
∫
[γ>0]
|A|2dµ
∫
Σ
|A|2|∇m+1A|2γsdµ
+ c3(
∫
[γ>0]
|A|2dµ+
∫
[γ>0]
|∇A|2dµ)
∫
Σ
|∇m+1A|2γs−2dµ
and by corollary 13.11∫
Σ
|∇m+1A|2γs−2dµ ≤ε
∫
Σ
|∇m+2A|2γsdµ+ c(ε, c3)
∫
[γ>0]
|∇mA|2dµ,
we obtain by absorption∫
Σ
|A|2|∇m+1A|2γsdµ ≤c
∫
Σ
|∇m+2A|2γsdµ+ c3
and consequently for
∫
[γ>0]
|A|2dµ ≤ ε3∫
Σ
|A|4|∇mA|2γsdµ ≤ c3(1 +
∫
Σ
|∇m+2A|2γsdµ).
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12 The main results
Theorem 12.1. For n,m,R, τ > 0 and α ∈ Rm+2>0 there exist
ε = ε(n), c = c(n,m,R, α, τ) > 0
such that, if f : Σ× [0, T ) −→ Rn \ {0}, 0 < T ≤ τ,
is an inverse Willmore flow satisfying
sup
0≤t<T
∫
B2ρ(x0)
|A|2dµ ≤ ε,
sup
0≤t<T
ρ−1‖f‖L∞µ (B2ρ(x0)) ≤ R,
ρ2i
∫
B2ρ(x0)
|∇iA|2dµ⌊t=0 ≤ αi, i = 1, . . . , m+ 2
for some x0 ∈ R
n and ρ > 0 , we have
sup
0≤t<T
‖∇mA‖L∞µ (Bρ(x0)) ≤ ρ
−(m+1)c.
Proof. Rescaling, cf. Lemmata 13.5 and 13.7, we may assume ρ = 1.
Define
ε(n) := min{ε0(n), ε1(n), ε2(n), ε3},
cf. propositions 7.2, 8.1, 9.1 and 11.2 and choose a sequence (γ˜i) ⊂ C
2
0(R
n),
which satisfies
1. 1 ≥ γ˜0 ≥ γ˜1 ≥ . . . ≥ γ˜m ≥ . . . ≥ 0,
2. B2(x0) ⊃ supp(γ˜0) ⊃ [γ˜0 = 1] ⊃ supp(γ˜1) ⊃ [γ˜1 = 1] ⊃ . . . ⊃ B1(x0),
3. ‖γ˜i‖C2(Rn) ≤ ci for all i ≥ 0.
Let γi := γ˜i ◦ f. From proposition 7.2 for s = 4, γ = γ0 we infer∫ T
0
∫
Σ
‖f‖8|∇2A|2γ40 dµ dt ≤ c(n,R, τ)
and hence by proposition 11.2 for m = 0, k = s = 4 and d = ε∫ T
0
‖ ‖f‖4A‖4L∞µ ([γ0=1]) dt ≤c(n,R)(T + c(n,R, τ))
≤c(n,R, τ).
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Since [γ0 = 1] ⊃ supp(γ1), we conclude∫ T
0
∫
[γ1>0]
‖f‖8|∇2A|2 dµ dt ≤ c(n,R, τ),∫ T
0
‖ ‖f‖4A‖4L∞µ ([γ1>0]) dt ≤ c(n,R, τ).
Next we have by proposition 8.1 for s = 6, γ = γ1 and d = c(n,R, τ)
sup
0≤t<T
∫
Σ
|∇A|2γ61dµ+
∫ T
0
∫
Σ
‖f‖8|∇3A|2γ61dµ dt
≤c(n,R, d, τ)(1 +
∫
Σ
|∇A|2γ61dµ⌊t=0)
≤c(n,R, α1, τ).
By proposition 11.2 for m = 1, k = 4, s = 6 and d = c(n,R, α1, τ) and
[γ1 = 1] ⊃ supp(γ2) ⊃ [γ2 = 1] ⊃ supp(γ3)
we derive
sup
0≤t<T
∫
[γ3>0]
|∇A|2dµ ≤ c(n,R, α1, τ),∫ T
0
∫
[γ3>0]
‖f‖8|∇k+2A|2 dµ dt ≤ c(n,R, α1, τ),∫ T
0
‖ ‖f‖4∇kA‖4L∞µ ([γ3>0]) dt ≤ c(n,R, α1, τ)
for k = 0, 1.
Hence by proposition 9.1 for s = 8, γ = γ3 and d = c(n,R, α1, τ)
sup
0≤t<T
∫
Σ
|∇2A|2γ83dµ+
∫ T
0
∫
Σ
‖f‖8|∇4A|2γ83dµ dt
≤c(n,R, d, τ)(1 +
∫
Σ
|∇2A|2γ83dµ⌊t=0)
≤c(n,R, α1, α2, τ).
By proposition 11.2 for m = 0, 2, k = 0, 4, s = 8, d = c(n,R, α1, α2, τ) and,
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since
[γ3 = 1] ⊃ supp(γ4),
we obtain both
sup
0≤t<T
‖A‖L∞µ [(γ4=1]) ≤ c(n,R, α1, α2, τ),
∫ T
0
‖ ‖f‖4∇2A‖4L∞µ ([γ4=1]) dt ≤ c(n,R, α1, α2, τ). (12.1)
Therefore and by [γ4 = 1] ⊃ supp(γ5) we may assume for
m ≥ 3, γ = γ2m−1
inductively
sup
0≤t<T
‖A‖Wm−3,∞µ ([γ2m−1>0]) ≤ d,∫ T
0
‖ ‖f‖4∇kA‖4L∞µ ([γ2m−1>0])dt ≤ d for k = m− 2, m− 1,
sup
0≤t<T
‖A‖
W
m−1,2
µ ([γ2m−1>0])
≤ d,∫ T
0
∫
[γ2m−1>0]
‖f‖8|∇kA|2dµ dt ≤ d for k = m,m+ 1.
with d = c(n,m,R, α1, . . . , αm−1, τ).
By proposition 10.1 for s = 2m+ 4 we conclude
sup
0≤t<T
∫
Σ
|∇mA|2γ2m+42m−1dµ+
∫ T
0
∫
Σ
‖f‖8|∇m+2A|2γ2m+42m−1dµ dt
≤c(n,m,R, d, τ)(1 +
∫
Σ
|∇mA|2γ2m+42m−1dµ⌊t=0)
≤c(n,m,R, α1, . . . , αm, τ).
Now the claim follows by induction over m ≥ 3 from proposition 11.2 and
[γ2m−1 = 1] ⊃ supp(γ2m) ⊃ [γ2m = 1] ⊃ supp(γ2m+1) = supp(γ2(m+1)−1).
Next we state a version of theorem 1.1.
76
Theorem 12.2. For 0 < R, α1, α2 <∞ and n ∈ N there exist
δ = δ(n), k = k(n), c = c(n,R, α1, α2) > 0
such that, if f0 : Σ −→ R
n \ {0} is a closed immersed surface
satisfying
sup
x∈Rn
∫
B2ρ(x)
|A|2dµ ≤ δ,
sup
x∈Rn
ρ2i
∫
B2ρ(x)
|∇iA|2dµ ≤ αi, i = 1, 2 ,
ρ−1‖f0‖L∞µ (Σ) ≤ R
for some ρ > 0, there exists an inverse Willmore flow
f : Σ× [0, T ) −→ Rn \ {0}, f(·, 0) = f0
with T > ρ−4c. Moreover we have the estimates
sup
0≤t≤ρ−4c
ρ−1‖f‖L∞µ (Σ) ≤ 2R and sup
0≤t≤ρ−4c, x∈Rn
∫
B2ρ(x)
|A|2dµ ≤ kδ.
Proof. Rescaling we may assume ρ = 1. Let T > 0 be maximal with respect
to the existence of an inverse Willmore flow
f : Σ× [0, T ) −→ Rn \ {0}, f(·, 0) = f0
We clearly have for some Γ = Γ(n) > 1
ε(t) := sup
x∈Rn
∫
B2(x)
|A|2dµ ≤ Γ sup
x∈Rn
∫
B1(x)
|A|2dµ.
Let δ := ε
3Γ
, cf. theorem 8.1, and
tb := sup{0 ≤ t < T | sup
0≤τ<t
‖f‖L∞µ (Σ) ≤ 2R}.
For arbitrary λ > 0 we have by continuity
t0 := sup{0 ≤ t < min(T, λ, tb) | ε(τ) ≤ 3Γδ for all 0 ≤ τ < t} > 0.
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If t0 < min(T, λ, tb), then we have by definition of δ and tb
ε(t0) = 3Γδ = ε,
sup
0≤t<t0, x∈Rn
∫
B2(x)
|A|2dµ ≤ ε,
sup
0≤t<t0
‖f‖L∞µ (Σ) ≤ 2R.
Hence we obtain for suitable
γ˜ ∈ C20(B2(0)) with 1B1(0) ≤ γ˜ ≤ 1B2(0) and ‖γ˜‖C2(Rn) ≤ Λ = Λ(n),
by proposition 7.2 choosing s = 4 and γ˜x := γ˜(· − x) ◦ f for x ∈ R
n
sup
x∈Rn
∫
B1(x)
|A|2dµ⌊t=t0≤ sup
x∈Rn
∫
B2(x)
|A|2dµ⌊t=0+c(n)((2R)
8 + (2R)4) t0
≤δ + c(n)(R8 +R4) λ ≤ 2δ,
defining λ := ε
3Γc(n)(R8+R4)
. Hence ε(t0) ≤ 2Γδ < ε, a contradiction, and
t0 = min(T,
c(n)
R8 +R4
, tb).
We will show, that t0 =
c(n)
R8+R4
or t0 = tb imply T > c(n,R, α1, α2), whereas
t0 = T leads to a contradiction, what proves the claim.
If t0 =
c(n)
R8+R4
< T , then T > c(n,R).
If t0 = tb < T , then we have
sup
0≤t<t0, x∈Rn
∫
B2(x)
|A|2dµ ≤ ε,
sup
0≤t<t0
‖f‖L∞µ (Σ) ≤ 2R,
sup
x∈Rn
∫
B2(x)
|∇iA|2dµ⌊t=0≤ αi, i = 1, 2 ,
‖f(σ, 0)‖ ≤ R, ‖f(σ, t0)‖ = 2R
for some σ ∈ Σ. For t0 > 1, we have T > 1. Otherwise we have t0 ≤ 1 and
infer from Theorem 8.1 for m = 0, ρ = τ = 1, taking (12.1) into account
sup
0≤t<t0
‖A‖L∞µ (Σ),
∫ t0
0
‖ ‖f‖4∇2A‖4L∞µ (Σ) dt ≤ c(n,R, α1, α2)
78
by covering B2R(0) ⊂ ∪i∈N=N(n,R)B1(xi). It follows
2R =‖f(σ, t0)‖ = ‖f(σ, 0) +
∫ t0
0
∂tf(σ, s)ds‖
≤R + c
∫ t0
0
[ ‖f‖8(|∇2A|+ |A|3)](σ, s)ds
≤R + cR4
∫ t0
0
‖ ‖f‖4∇2A‖L∞µ (Σ)dt+ cR
8
∫ t0
0
‖A‖3L∞µ (Σ)dt
≤R + cR4t
3
4
0 [
∫ t0
0
‖ ‖f‖4∇2A‖4L∞µ (Σ)dt]
1
4 + c(n,R, α1, α2)t0
≤
3
2
R + c(n,R, α1, α2)t0,
what shows
c(n,R, α1, α2)t0 ≥ R.
Hence
T > min(1,
R
c(n,R, α1, α2)
) =: c(n,R, α1, α2).
If t0 = T , then we have
t0 ≤
c(n)
R8 +R4
,
sup
0≤t<t0, x∈Rn
∫
B2(x)
|A|2dµ ≤ ε,
sup
0≤t<t0
‖f‖L∞µ (Σ) ≤ 2R
and hence by theorem 12.1 for ρ = 1, τ = c(n)
R8+R4
, αi :=
∫
Σ
|∇iA|2dµ⌊t=0
sup
0≤t<t0
‖∇mA‖L∞µ (Σ) ≤ c(n,m,R, α0, . . . , αm+2) <∞. (12.2)
From this we will draw several conclusions.
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1. For the metric we derive by (2.7) and (3.2)
∂tg = −2〈A, ∂tf〉 = ‖f‖
8(∇2A ∗A + A ∗ A ∗ A ∗ A)
and hence
sup
0≤t<t0
‖∂tg‖L∞µ (Σ) <∞.
Particularly the metrics g(t), t ∈ [0, t0), are equivalent and converge
uniformly to a metric g(t) −→: g(t0) for t −→ t0, cf. [3], Lemma 14.2.
2. Similarly we obtain for the Christoffel symbols, cf. (2.9)
∂tΓ
k
i,j =− g
l,k(〈∇lAi,j, ∂tf〉 − 〈Ai,j,∇l∂tf〉
+ 〈Ai,l,∇j∂tf〉+ 〈Aj,l,∇i∂tf〉),
what shows
∂tΓ = ‖f‖
8(P 32 (A) + P
1
4 (A)) +∇‖f‖
8 ∗ (P 21 (A) + P
0
4 (A))
and therefore by virtue of corollary 13.4
sup
0≤t<t0
‖∇m∂tΓ‖L∞µ (Σ) <∞. (12.3)
3. Turning to the coordinate derivatives we note for T ∈ T (p, q)
∇mT = ∂mT +
m∑
l=1
∑
k1+...+kl+k≤m−1
∂k1Γ ∗ . . . ∗ ∂klΓ ∗ ∂kT,
which is easily checked by induction. This shows
|∂mT | ≤ c(n,m)(1 + |Γ|+ . . .+ |∂m−1Γ|)m(|∇mT |+ |∂m−1T |+ . . .+ |T |)
and inductively
|∂mT | ≤ c(n,m)(1 + |Γ|+ . . .+ |∂m−1Γ|)
∑m
i=1 i(|∇mT |+ . . .+ |T |).
For T = ∂tΓ we conclude by ∂
m∂tΓ = ∂t∂
mΓ and (12.3) inductively
sup
0≤t<t0
‖∂m∂tΓ‖L∞µ (Σ), sup
0≤t<t0
‖∂mΓ‖L∞µ (Σ) <∞. (12.4)
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4. For k + l = m ≥ 0 we have
sup
0≤t<t0
‖∂k∇lA‖L∞µ (Σ), sup
0≤t<t0
‖∂m+1f‖L∞µ (Σ) <∞. (12.5)
This holds obviously true for m = 0 by (12.2). Now for k + l = m+ 1
∂k∇lA−∇m+1A =∂k∇lA−∇k∇lA
=
k∑
i=1
∂i−1(∂ −∇)∇m+1−iA.
Since for any normal valued l-linear form Φ along f
0 =∂i〈∂jf,Φi1,...,il〉 = 〈Ai,j,Φi1,...,il〉+ 〈∂jf, ∂iΦi1,...,il〉
and hence
∇iΦi1,...,il =∂
⊥
i Φi1,...,il −
l∑
k=1
Φi1,...,k,...,ilΓ
k
i,ik
=∂iΦi1,...,il + g
k,j〈Ai,j,Φi1,...,il〉∂kf −
l∑
k=1
Φi1,...,k,...,ilΓ
k
i,ik
,
we derive
∂k∇lA−∇m+1A =
k∑
i=1
∂i−1(∇m+1−iA ∗ (A ∗ ∂f + Γ)).
By induction hypothesis and (12.4)
∂k∇lA for k + l ≤ m, ∂if for 1 ≤ i ≤ m+ 1 and ∂mΓ for all m ∈ N
are bounded. This proves
sup
0≤t<t0
‖∂k∇lA‖L∞µ (Σ) <∞ for k + l = m+ 1. (12.6)
By ∂i,jf = Ai,j + Γ
k
i,j∂kf we then have
∂m+2f = ∂mA+
∑
k+l=m
∂kΓ · ∂l+1f.
The induction hypothesis, (12.4) and (12.6) yield
sup
0≤t<t0
‖∂m+2f‖L∞µ (Σ) <∞.
This proves (12.5).
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From the evolution equation (3.2) of the inverse Willmore flow
∂tf = −
‖f‖8
2
(∆H +Q(A0)H)
and (12.5) we infer, since sup0≤t<t0 ‖f‖L∞µ (Σ) ≤ 2R, that for all m ≥ 0
sup
0≤t<t0
‖∂mf‖L∞µ (Σ), sup
0≤t<t0
‖∂m∂tf‖L∞µ (Σ) <∞.
Therefore f(t) −→: f(t0) in C
m(Σ,Rn) as tր t0 for all m ≥ 0.
We conclude by what was already proven above, see the first point,
g(t0)←− g(t) = gf(t) −→ gf(t0) uniformly.
Thus gf(t0) is a metric and hence f(t0) : Σ −→ R
n a smooth immersion. If
f(t0) : Σ −→ R
n \ {0}, we may extend the inverse Willmore flow by short
time existence, what shows, that t0 = T could not have been the maximal
time of lifespan of f. This contradicts the maximality of T.
Consequently it remains to show, that f(t0) : Σ −→ R
n \ {0}.
Otherwise there exists by continuity σ ∈ Σ, such that
f(σ, t) −→ 0 as tր t0.
We choose a sequence τn ր t0 satisfying
0←− ‖f(σ, τn)‖ ≥ ‖f(σ, t)‖ for all τn ≤ t < t0.
By the evolution equation (3.2) it follows for τn ≤ t < t0
‖f(σ, t)− f(σ, τn)‖ ≤
∫ t
τn
[
‖f‖8
2
(|∆H|+ |Q(A0)H|) ](σ, s)ds
≤c ‖f(σ, τn)‖
8
∫ t0
τn
(|∇2A|+ |A|3)(σ, s)ds.
Letting tր t0 we conclude
∞←− ‖f(σ, τn)‖
−7 ≤
∫ t0
τn
(|∇2A|+ |A|3)(σ, s)ds.
This shows in contradiction to (12.2)
sup
0≤t<t0
(‖∇2A‖L∞µ (Σ) + ‖A‖L∞µ (Σ)) =∞.
The additional estimates in theorem 12.2 follow from T > t0 = min(λ, tb)
recalling the definitions of tb and t0 taking k(n) := 3Γ(n).
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Proof of theorem 1.1. Rescaling we may assume ρ = 1. Let x ∈ Rn.
Using a suitable cut-off function and integration by parts one obtains∫
B1(x)
|∇A|2dµ ≤ c
∫
B2(x)
|A|2dµ+ c
∫
B2(x)
|∇2A|2dµ
for some constant c = c(n) > 0.
Covering B2(x) ⊆ ∪i∈Γ=Γ(n)B1(xi) we obtain passing to the suprema
sup
x∈Rn
∫
B1(x)
|∇A|2dµ ≤ c sup
x∈Rn
∫
B1(x)
|A|2dµ+ c sup
x∈Rn
∫
B1(x)
|∇2A|2dµ.
Apply theorem 12.2 with α2 = α, α1 = cδ + cα2, ρ =
1
2
.
Proof of theorem 1.2. The proof is, due to the stronger assumptions made, a
simpler version of the one of theorem 12.2. Rescaling we may assume ρ = 1.
Again we take δ := ε
3Γ
and have for some Γ = Γ(n) > 0 and arbitrary λ > 0
ε(t) := sup
x∈Rn
∫
B2(x)
|A|2dµ ≤ Γ sup
x∈Rn
∫
B1(x)
|A|2dµ,
t0 := sup{0 ≤ t < min(T, λ) | ε(τ) ≤ 3Γδ for all 0 ≤ τ < t} > 0.
Taking λ := c(n)
R8+R4
as in the proof of theorem 12.2 we derive analogously
t0 = min(T,
c(n)
R8 +R4
),
since by assumption
sup
0≤t<min{T, c(n)
R8+R4
}
‖f‖L∞µ (Σ) ≤ R.
If t0 =
c(n)
R8+R4
, then T > c(n) 1
R8+R4
, which is the required result.
If t0 = T , then we have
t0 ≤
c(n)
R8 +R4
,
sup
0≤t<t0, x∈Rn
∫
B2(x)
|A|2dµ ≤ ε,
sup
0≤t<t0
‖f‖L∞µ (Σ) ≤ 2R.
and the contradiction follows as in the case t0 = T in the proof of 12.2.
Clearly we may choose k(n) = 3Γ(n).
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13 Appendix
Lemma 13.1. (Gronwall’s inequality)
Let u, α ∈ C0([0, T ),R) and β ∈ C0([0, T ),R≥0). Then we have
u(t) ≤ α(t) +
∫ t
0
β(s)u(s) ds =⇒ u(t) ≤ α(t) +
∫ t
0
α(s)β(s)e
∫ t
s
β(σ) dσds.
Proof. Consider y(t) := e−
∫ t
0 β(σ)dσ
∫ t
0
β(s)u(s) ds. By assumption
y′(t) =− β(t)e−
∫ t
0 β(σ)dσ
∫ t
0
β(s)u(s) ds+ β(t)u(t)e−
∫ t
0 β(σ)dσ
=[u(t)−
∫ t
0
β(s)u(s) ds ] β(t)e−
∫ t
0
β(σ)dσ ≤ α(t)β(t)e−
∫ t
0
β(σ)dσ.
Hence by integration
e−
∫ t
0
β(σ)dσ
∫ t
0
β(s)u(s) ds = y(t)− y(0) ≤
∫ t
0
α(s)β(s)e−
∫ s
0
β(σ)dσds,
what proves the claim by multiplicating both sides with e
∫ t
0
β(σ)dσ .
Let in the following f : Σ −→ Rn be a smooth immersion.
Lemma 13.2. For i ≥ 1 we have
∇i‖f‖2 =
∑
2j+k=i−1
〈f,∇f〉 ∗ P k2j(A) +
∑
2n+m=i−2
〈∇f,∇f〉 ∗ Pm2n(A)
+
∑
l+2q+p=i−2
〈f,∇lA〉 ∗ P p2q(A).
Proof. The claim holds obviously true for i = 1. Inductively
∇i+1‖f‖2 = ∇∇i‖f‖2
=
∑
2j+k=i−1
[〈∇f,∇f〉 ∗ P k2j(A) + 〈f, A〉 ∗ P
k
2j(A) + 〈f,∇f〉 ∗ P
k+1
2j (A)]
+
∑
2n+m=i−2
[∇〈∇f,∇f〉 ∗ Pm2n(A) + 〈∇f,∇f〉 ∗ P
m+1
2n (A)]
+
∑
l+2q+p=i−2
[〈∇f,∇lA〉 ∗ P p2q(A) + 〈f, ∂
T∇lA+∇l+1A〉+ P p2q+1
+ 〈f,∇lA〉+ P p+12q (A)],
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where ∂2f = A+ Γ∂f was used.
Clearly ∇〈∇f,∇f〉 = ∇g = 0 and 〈∇f,∇lA〉 = 0. Hence
∇i+1‖f‖2 =
∑
2j+k=i
〈f,∇f〉 ∗ P k2j(A) +
∑
2n+m=i−1
〈∇f,∇f〉 ∗ Pm2n(A)
+
∑
l+2q+p=i−1
〈f,∇iA〉 ∗ P p2q(A) +
∑
l+2q+p=i−2
〈f, ∂T∇lA〉 ∗ P p2q(A).
We have
〈f, ∂Tk∇
lA〉 =− 〈∂kf
T ,∇lA〉 = −〈∂k(g
n,m〈f, ∂nf〉∂mf),∇
lA〉
=− gn,m〈f, ∂nf〉〈∂k∂mf,∇
lA〉 = −gn,m〈f, ∂nf〉〈Ak,m,∇
lA〉
=〈f,∇f〉 ∗ P l2(A)
and therefore∑
l+2q+p=i−2
〈f, ∂T∇lA〉 ∗ P p2q(A) =
∑
l+2q+p=i−2
〈f,∇f〉 ∗ P p+l2q+2(A)
=
∑
2j+k=i
〈f,∇f〉 ∗ P k2j(A).
Let P lk(|∇
·A|) denote any term of the type Πki=1|∇
liA| with
∑k
i=1 li = l,
where we freely use k = 0 =⇒ l = 0 and define P 00 (|∇
·A|) = 1.
Corollary 13.3. For i ≥ 1 we have
|∇i‖f‖2| ≤ ‖f‖
∑
l+k=i−1
P lk(|∇
·A|) +
∑
2n+m=i−2
Pm2n(|∇
·A|).
Proof. Clearly |∇f |2 = gi,j〈∂if, ∂jf〉 = g
i,jgi,j = δ
i
i = dim(Σ) and∑
l+2q+p=i−2
〈f,∇lA〉 ∗ P p2q(A) =
∑
l+2q+p=i−2
f ∗ P p+l2q+1(A) =
∑
l+k=i−1
f ∗ P lk(A).
From this one obtains
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Corollary 13.4. We have for i ≥ 1
|∇i‖f‖8| ≤
8∑
m=1
‖f‖8−m
∑
l+k=i−m
P lk(|∇
·A|)
≤ c(i)‖f‖7[|∇i−2A|+ |∇i−3A||A|+ |∇i−4A|(|∇A|+ |A|2) + . . .]
+ ‖f‖6[ |∇i−3A| + |∇i−4A| |A| + . . .]
+ ‖f‖5[ |∇i−4A| + . . .]
+ . . . ,
,
where we freely use k = 0 =⇒ l = 0 and define P 00 (|∇
·A|) = 1.
We calculate the scaling behaviour of some geometric objects.
Lemma 13.5. Let f : Σ −→ Rn be a smooth immersion,d := dim(Σ).
1. gρf = ρ
2gf and g
−
ρf = ρ
−2g−f for the metric,
2. Γρf = Γf for the Christoffel symbols,
3. dµρf = ρ
ddµf for the area measure,
4. |∇mρfAρf |
2
g
ρf
= ρ−2(m+1)|∇mf Af |
2
gf
,
5.
∑
(i,j,k)∈I(m), j<m+4∇
i
ρf‖ρf‖
8 ∗ P jk (Aρf) ∗ ∇
m
ρfAρf
= ρ−2(m−1)
∑
(i,j,k)∈I(m), j<m+4∇
i
f‖f‖
8 ∗ P jk (Af ) ∗ ∇
m
f Af .
Proof. (1) is clear, (2) follows from (1) and
Γki,j =
1
2
gk,m(∂igj,m + ∂jgi,m − ∂mgi,j).
(3) follows from
J(ρf) =
√
det(d(ρf)T ◦ d(ρf)) =
√
det(ρ2dfTdf) = ρdJf.
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To check (4) we derive∇mρfAρf = ρ∇
m
f Af by∇ρf = ∇f , the scaling invariance
of the covariant derivative and a simple induction argument. Hence
|∇mρfAρf |
2
gρf
=
∑
i1,...,im+2∈{1,2}
〈(∇mρfAρf)(e
ρf
i1
, . . . , e
ρf
im+2
), (∇mρfAρf)(e
ρf
i1
, . . . , e
ρf
im+2
)〉
= g
i1,i
′
1
ρf . . . g
im+2,i
′
m+2
ρf 〈(∇
m
ρfAρf )(∂i1 , . . . , ∂im+2), (∇
m
ρfAρf)(∂i′1 , . . . , ∂i′m+2)〉
= ρ−2(m+2)+2g
i1,i
′
1
f . . . g
im+2,i
′
m+2
f
〈(∇mf Af)(∂i1 , . . . , ∂im+1), (∇
m
f Af )(∂i′1 , . . . , ∂i′m+1)〉
= ρ−2(m+1)|∇mf Af |
2
gf
.
Likewise we obtain for (i, j, k) ∈ I(m) recalling (4.6),
∇iρf‖ρf‖
8∗P jk (Aρf) ∗ ∇
m
ρfAρf
=∇iρf‖ρf‖
8 ∗ ∇n1ρfAρf ∗ . . . ∗ ∇
nk
ρfAρf ∗ ∇
m
ρfAρf
=ρ−i∇ifρ
8‖f‖8 ∗ ρ−(n1+1)∇n1f Af ∗ . . .
. . . ∗ ρ−(nk+1)∇nkρfAρf ∗ ρ
−(m+1)∇mρfAρf
=ρ−i+8−(n1+1)−...−(nk+1)−(m+1)∇if‖f‖
8 ∗ P jk (Af) ∗ ∇
m
f Af
=ρ−2(m−1)∇if‖f‖
8 ∗ 2P jk (Af) ∗ ∇
m
f Af ,
since n1 + . . .+ nk = j, i+ j + k = m+ 5. This proves (5).
The Willmore functional is invariant under inversion for closed surfaces.
Proposition 13.6. Let f ∈ C2(Σ,Rn \ {0}) be a closed immersed surface,
I : Rn \ {0} −→ Rn \ {0} : x→ x
‖x‖2
. Then we have
W (f) :=
1
4
∫
Σ
|Hf |
2dµf =
1
4
∫
Σ
|HI♯f |
2dµI♯f =W (I♯f),
where I♯f(x) := I(f(x)) for x ∈ Σ.
Proof. For the metric we have
g
I♯f
i,j = 〈∂i
f
‖f‖2
, ∂j
f
‖f‖2
〉 = 〈
∂if
‖f‖2
− 2
〈∂if, f〉
‖f‖4
f,
∂jf
‖f‖2
− 2
〈∂jf, f〉
‖f‖4
f〉
=
1
‖f‖4
g
f
i,j,
87
hence gi,jI♯f = ‖f‖
4g
i,j
f . To calculate the mean curvature
HI♯f = g
i,j
I♯f
A
I♯f
i,j , A
I♯f
i,j = ∂
⊥I♯f
i ∂jI♯f = ∂i∂jI♯f − P
TI♯f (∂i∂jI♯f)
we derive
∂i∂jI♯f =∂i(
∂jf
‖f‖2
− 2
〈∂jf, f〉
‖f‖4
f)
=
∂i∂jf
‖f‖2
− 2
〈∂if, f〉
‖f‖4
∂jf − 2
〈∂jf, f〉
‖f‖4
∂if
− 2
〈∂i∂jf, f〉
‖f‖4
f − 2
〈∂if, ∂jf〉
‖f‖4
f + 8
〈∂if, f〉〈∂jf, f〉
‖f‖6
f,
and
P
TI♯f (∂i∂jI♯f) =g
k,l
I♯f
〈∂i∂jI♯f, ∂k
f
‖f‖2
〉∂l
f
‖f‖2
=‖f‖4gk,lf 〈∂i∂jI♯f,
∂kf
‖f‖2
− 2
〈∂kf, f〉
‖f‖4
f〉(
∂lf
‖f‖2
− 2
〈∂lf, f〉
‖f‖4
f)
=gk,lf 〈∂i∂jI♯f, ∂kf〉∂lf
−
2
‖f‖2
g
k,l
f 〈∂i∂jI♯f, ∂kf〉〈∂lf, f〉f
−
2
‖f‖2
g
k,l
f 〈∂i∂jI♯f, f〉〈∂kf, f〉∂lf
+
4
‖f‖4
g
k,l
f 〈∂i∂jI♯f, f〉〈∂kf, f〉〈∂lf, f〉f.
For the several summands of the mean curvature we obtain
1.
g
i,j
I♯f
∂i∂jI♯f =‖f‖
2g
i,j
f ∂i∂jf − 4f
Tf − 2〈gi,jf ∂i∂jf, f〉f − 4f + 8
‖fTf‖2
‖f‖2
f,
2.
g
i,j
I♯f
g
k,l
f 〈∂i∂jI♯f, ∂kf〉∂lf
=P Tf (‖f‖2gi,jf ∂i∂jf − 4f
Tf − 2〈gi,jf ∂i∂jf, f〉f − 4f + 8
‖fTf‖2
‖f‖2
f)
=‖f‖2gi,jf ∂
Tf
i ∂jf − 8f
Tf − 2〈gi,jf ∂i∂jf, f〉f
Tf + 8
‖fTf‖2
‖f‖2
fTf ,
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3.
−
2
‖f‖2
g
i,j
I♯f
g
k,l
f 〈∂i∂jI♯f, ∂kf〉〈∂lf, f〉f
=−
2
‖f‖2
〈‖f‖2gi,jf ∂i∂jf − 4f
Tf
− 2〈gi,jf ∂i∂jf, f〉f − 4f + 8
‖fTf‖2
‖f‖2
f, fTf 〉f
=− 2〈gi,jf ∂i∂jf, f
Tf 〉f + 4
‖fTf‖2
‖f‖2
〈gi,jf ∂i∂jf, f〉f
+ 16
‖fTf‖2
‖f‖2
f− 16
‖fTf‖4
‖f‖4
f,
4.
−
2
‖f‖2
g
i,j
I♯f
g
k,l
f 〈∂i∂jI♯f, f〉〈∂kf, f〉∂lf
=−
2
‖f‖2
〈‖f‖2gi,jf ∂i∂jf − 4f
Tf
− 2〈gi,jf ∂i∂jf, f〉f − 4f + 8
‖fTf‖2
‖f‖2
f, f〉fTf
=2〈gi,jf ∂i∂jf, f〉f
Tf + 8
‖fTf‖2
‖f‖2
fTf + 8fTf − 16
‖fTf‖2
‖f‖2
fTf ,
5.
4
‖f‖4
g
i,j
I♯f
g
k,l
f 〈∂i∂jI♯f, f〉〈∂kf, f〉〈∂lf, f〉f
=
4
‖f‖4
〈‖f‖2gi,jf ∂i∂jf − 4f
Tf
− 2〈gi,jf ∂i∂jf, f〉f − 4f + 8
‖fTf‖2
‖f‖2
f, f〉‖fTf‖2f
=− 4
‖fTf‖2
‖f‖2
〈gi,jf ∂i∂jf, f〉f + 16
‖fTf‖4
‖f‖4
f − 16
‖fTf‖2
‖f‖2
f.
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Collecting terms we conclude
HI♯f =g
i,j
I♯f
A
I♯f
i,j = g
i,j
I♯f
∂i∂jI♯f − g
i,j
I♯f
P
TI♯f (∂i∂jI♯f)
=‖f‖2gi,jf ∂i∂jf − 4f
Tf − 2〈gi,jf ∂i∂jf, f〉f − 4f + 8
‖fTf‖2
‖f‖2
f
− (‖f‖2gi,jf ∂
Tf
i ∂jf − 8f
Tf − 2〈gi,jf ∂i∂jf, f〉f
Tf + 8
‖fTf‖2
‖f‖2
fTf )
− (−2〈gi,jf ∂i∂jf, f
Tf 〉f + 4
‖fTf‖2
‖f‖2
〈gi,jf ∂i∂jf, f〉f
+ 16
‖fTf‖2
‖f‖2
f− 16
‖fTf‖4
‖f‖4
f)
− (2〈gi,jf ∂i∂jf, f〉f
Tf + 8
‖fTf‖2
‖f‖2
fTf + 8fTf − 16
‖fTf‖2
‖f‖2
fTf )
− (−4
‖fTf‖2
‖f‖2
〈gi,jf ∂i∂jf, f〉f + 16
‖fTf‖4
‖f‖4
f − 16
‖fTf‖2
‖f‖2
f)
=‖f‖2Hf − 2〈g
i,j
f ∂i∂jf, f
⊥f 〉f − 4fTf − 4f + 8
‖fTf‖2
‖f‖2
f
=‖f‖2Hf − 2〈Hf , f〉f − 4f
Tf − 4f + 8
‖fTf‖2
‖f‖2
f.
Hence we obtain for the squared absolute value
|HI♯f |
2 =‖f‖4|Hf |
2 − 2‖f‖2〈Hf , f〉
2 − 4‖f‖2〈Hf , f〉+ 8‖f
Tf‖2〈Hf , f〉
− 2‖f‖2〈Hf , f〉
2 + 4‖f‖2〈Hf , f〉
2 + 8‖fTf‖2〈Hf , f〉
+ 8‖f‖2〈Hf , f〉 − 16‖f
Tf‖2〈Hf , f〉
+ 8‖fTf‖2〈Hf , f〉+ 16‖f
Tf‖2 + 16‖fTf‖2 − 32
‖fTf‖4
‖f‖2
− 4‖f‖2〈Hf , f〉+ 8‖f‖
2〈Hf , f〉+ 16‖f
Tf‖2 + 16‖f‖2 − 32‖fTf‖2
+ 8‖fTf‖2〈Hf , f〉 − 16‖f
Tf‖2〈Hf , f〉 − 32
‖fTf‖4
‖f‖2
− 32‖fTf‖2 + 64
‖fTf‖4
‖f‖2
=‖f‖4|Hf |
2 + 8‖f‖2〈Hf , f〉 − 16‖f
Tf‖2 + 16‖f‖2
=|‖f‖2Hf + 4f
⊥f |2.
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By (3.1) we have∫
Σ
|HI♯f |
2dµI♯f =
∫
Σ
‖f‖−4| ‖f‖2Hf + 4f
⊥f |2dµf
=
∫
Σ
|Hf |
2dµf + 8
∫
Σ
〈Hf , f〉
‖f‖2
dµf + 16
∫
Σ
|f⊥f |2
‖f‖4
dµf
and
0 =
∫
Σ
g
i,j
f ∇i(‖f‖
−2〈∂jf, f〉)dµf
=− 2
∫
Σ
g
i,j
f
〈∂if, f〉〈∂jf, f〉
‖f‖4
dµf +
∫
Σ
g
i,j
f
〈∂i∂jf, f〉
‖f‖2
dµf
+
∫
Σ
g
i,j
f
〈∂if, ∂jf〉
‖f‖2
dµf −
∫
Σ
g
i,j
f Γ
k
i,j
〈∂kf, f〉
‖f‖2
dµf
=− 2
∫
Σ
‖fTf‖2
‖f‖4
dµf + 2
∫
Σ
1
‖f‖2
dµf +
∫
Σ
g
i,j
f
〈∂i∂jf − Γ
k
i,j∂kf, f〉
‖f‖2
dµf
=2
∫
Σ
|f⊥f |2
‖f‖4
dµf +
∫
Σ
〈Hf , f〉
‖f‖2
dµf ,
which concludes the proof.
Lemma 13.7. Let f : Σ −→ Rn be a smooth immersion.
Then we have
(∆H +Q(A0)H)ρf = ρ
−3(∆H +Q(A0)H)f .
Proof. From lemma 13.5 we infer
Hρf = Aρf(e
ρf
i , e
ρf
i ) = g
i,j
ρfAρf (∂i, ∂j) = ρ
−2g
i,j
f ρAf (∂i, ∂j)
= ρ−1Hf .
Therefore the Lapace-Beltrami of the mean curvature becomes
(∆H)ρf = ρ
−1∆ρf (Hf) = ρ
−1g
i,j
ρf (∇
ρf
∂i
∇ρf∂jHf −∇
ρf
∇ρf∂i
∂j
Hf)
= ρ−3gi,jf (∇
f
∂i
∇f∂jHf −∇
f
∇f∂i
∂j
Hf )
= ρ−3(∆H)f .
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Next we derive for Q(A0), cf (2.13),
(Q(A0)H)ρf = A
0
ρf (e
ρf
i , e
ρf
j )〈A
0
ρf(e
ρf
i , e
ρf
j ), Hρf〉
= ρ−1gk,lρf g
n,m
ρf A
0
ρf (∂k, ∂n)〈A
0
ρf(∂l, ∂m), Hf〉
= ρ−5gk,lf g
n,m
f A
0
ρf (∂k, ∂n)〈A
0
ρf(∂n, ∂m), Hf〉.
Since the tracefree part of the second fundamental form satisfies by (2.12)
A0ρf (∂i, ∂j) =Aρf (∂i, ∂j)−
1
2
gρf(∂i, ∂j)Hρf
=∂i∂j(ρf)−ρf Γ
k
i,j∂k(ρf)−
1
2
〈∂i(ρf), ∂j(ρf)〉ρ
−1Hf
=ρ(∂i∂jf −f Γ
k
i,j∂kf −
1
2
gf(∂i, ∂j)Hf)
=ρA0f (∂i, ∂j),
we conclude
(Q(A0)H)ρf = ρ
−3g
k,l
f g
n,m
f A
0
f (∂k, ∂n)〈A
0
f(∂l, ∂m), Hf〉 = ρ
−3(Q(A0)H)f .
We state two Sobolev-type inequalities.
Lemma 13.8. Let f : Σ→ Rn be a smooth, immersed surface.
Then we have for u ∈ C10 (Σ)
(
∫
Σ
u2dµ)
1
2 ≤ c (
∫
Σ
|∇u|dµ+
∫
Σ
|H||u|dµ),
where µ = µf and c > 0.
Proof. Cf. [2].
Lemma 13.9. Let f : Σ→ Rn be a smooth, immersed surface. Furthermore
2 < p ≤ ∞, 0 ≤ m ≤ ∞ and 0 < α ≤ 1 with 1
α
= (1
2
− 1
p
)m+ 1.
Then we have for u ∈ C10 (Σ)
‖u‖L∞µ (Σ) ≤ c‖u‖
1−α
Lmµ (Σ)
(‖∇u‖Lpµ(Σ) + ‖Hu‖Lpµ(Σ))
α,
where c = c(n,m, p) > 0.
Proof. Cf. Theorem 5.6 in [1].
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We prove some localized interpolation inequalities.
Let f : Σ→ Rn be a smooth immersion, d = dim(Σ), Φ a l-linear form along
f and γ ∈ C10 (Σ) with 0 ≤ γ ≤ 1, ‖∇γ‖L∞µ (Σ) ≤ Λ.
Proposition 13.10. Let 1 ≤ p, q, r <∞, 1
p
+ 1
q
= 1
r
, α+β = η+ θ = 1. For
k ∈ {0,R≥ηp,θq}, s ≥ αp, βq and −
s
q
≤ u1, u2 ≤
s
p
, −k
q
≤ v1, v2 ≤
k
p
we have
(
∫
Σ
‖f‖k|∇Φ|2rγsdµ)
1
r
≤ck(
∫
[γ>0]
‖f‖k−ηp|Φ|pγs−u1pdµ)
1
p (
∫
[γ>0]
‖f‖k−θq|∇Φ|qγs+u1qdµ)
1
q
+ c(
∫
[γ>0]
‖f‖k−v2p|Φ|pγs−u2pdµ)
1
p (
∫
[γ>0]
‖f‖k+v2q|∇2Φ|qγs+u2qdµ)
1
q
+ csΛ(
∫
[γ>0]
‖f‖k−v1p|Φ|pγs−αpdµ)
1
p (
∫
[γ>0]
‖f‖k+v1q|∇Φ|qγs−βqdµ)
1
q ,
where 0 · ∞ := 0, c = c(r, d) and ‖∇γ‖L∞µ (Σ) ≤ Λ.
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Proof. Let k ≥ ηp, θq. By integration by parts and Ho¨lder’s inequality∫
Σ
‖f‖k|∇Φ|2rγsdµ
≤ck
∫
Σ
‖f‖k−1|Φ||∇Φ|2r−1γsdµ+ c
∫
Σ
‖f‖k|Φ||∇Φ|2r−2|∇2Φ|γsdµ
+ csΛ
∫
Σ
‖f‖k|Φ||∇Φ|2r−1γs−1dµ
=ck
∫
Σ
‖f‖
k
p
−η|Φ|γ
s
p
−u1‖f‖k
r−1
r |∇Φ|2r−2γs
r−1
r ‖f‖
k
q
−θ|∇Φ|γ
s
q
+u1dµ
+ c
∫
Σ
‖f‖
k
p
−v2 |Φ|γ
s
p
−u2‖f‖k
r−1
r |∇Φ|2r−2γs
r−1
r ‖f‖
k
q
+v2 |∇2Φ|γ
s
q
+u2dµ
+ csΛ
∫
Σ
‖f‖
k
p
−v1 |Φ|γ
s
p
−α‖f‖k
r−1
r |∇Φ|2r−2γs
r−1
r ‖f‖
k
q
+v1 |∇Φ|γ
s
q
−β
dµ
≤ck(
∫
[γ>0]
‖f‖k−ηp|Φ|pγs−u1pdµ)
1
p
(
∫
Σ
‖f‖k|∇Φ|2rγsdµ)
r−1
r (
∫
[γ>0]
‖f‖k−θq|∇Φ|qγs+u1qdµ)
1
q
+ c(
∫
[γ>0]
‖f‖k−v2p|Φ|pγs−u2pdµ)
1
p
(
∫
Σ
‖f‖k|∇Φ|2rγsdµ)
r−1
r (
∫
[γ>0]
‖f‖k+v2q|∇2Φ|qγs+u2qdµ)
1
q
+ csΛ(
∫
[γ>0]
‖f‖k−v1p|Φ|pγs−αpdµ)
1
p
(
∫
Σ
‖f‖k|∇Φ|2rγsdµ)
r−1
r (
∫
[γ>0]
‖f‖k+v1q|∇Φ|qγs−βqdµ)
1
q .
The case k = 0 follows analogously.
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Corollary 13.11. Let s ≥ p ≥ 2, k ∈ {0,R≥p} , −
k
p
≤ u ≤ k
p
, − s
p
≤ v ≤ s
p
.
Then we have∫
Σ
‖f‖k|∇Φ|pγsdµ
≤ε
∫
[γ>0]
‖f‖k+up|∇2Φ|pγs+vpdµ
+ c(ε, d, p)
∫
[γ>0]
[ kp‖f‖k−pγs + ‖f‖k−upγs−vp +spΛp‖f‖kγs−p]|Φ|pdµ.
Proof. Applying proposition 13.10 with
p = q = 2r, α = η = 1, β = θ = 0, u1 = v1 = 0
we obtain for −k
q
≤ u := v2 ≤
k
p
, − s
q
≤ v := u2 ≤
s
p
, since s > 0,
(
∫
Σ
‖f‖k|∇Φ|pγsdµ)
2
p
≤ck(
∫
[γ>0]
‖f‖k−p|Φ|pγsdµ)
1
p (
∫
Σ
‖f‖k|∇Φ|pγsdµ)
1
p
+ c(
∫
[γ>0]
‖f‖k−up|Φ|pγs−vpdµ)
1
p (
∫
[γ>0]
‖f‖k+up|∇2Φ|pγs+vpdµ)
1
p
+ csΛ(
∫
[γ>0]
‖f‖k|Φ|pγs−pdµ)
1
p (
∫
Σ
‖f‖k|∇Φ|pγsdµ)
1
p .
Monotonicity and convexity of t→ t
p
2 , t ≥ 0, and Young’s inequality yield∫
Σ
‖f‖k|∇Φ|pγsdµ
≤ε
∫
Σ
‖f‖k|∇Φ|pγsdµ+ ε
∫
[γ>0]
‖f‖k+up|∇2Φ|pγs+vpdµ
+ c(ε, n, p)
∫
[γ>0]
[ kp‖f‖k−pγs + ‖f‖k−upγs−vp + Λp‖f‖kγs−p ]|Φ|pdµ.
Absorption and replacing (1− ε)−1ε by ε prove the claim.
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